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Motivation from symplectic/Poisson geometry

One-parameter groups of symplectomorphisms of a symplectic manifold
(M, w) are determined by hamiltonian vector fields:

» For f € C*°(M), the hamiltonian vector field is X with
ixw = df . (1)

» On functions, an inf. symplectomorphism acts via Poisson brackets:

X(g) = {f.g) = |[-m.fl.g] - (2)

“The Poisson bracket is a derived bracket by the Poisson tensor 7"

» More modern: Take the graded Poisson manifold T*[1]M with
homological function Q:

Xi(g) = {{Q.fhe} - (3)

So the action of an inf. symplectomorphism is given by a derived bracket.



More examples

More examples of actions of infinitesimal (spacetime) symmetries:

» M differentiable, inf. diffeomorphisms determinded by vector fields
X el (TM):

X(f): LX(f)’ X(Y): LX(Y):[X’Y]’ (4)

more general for Lie algebroids (E, [, |g, p), a section in ['(E) acts
with the anchor on functions on M:

s(f) = p(s)(f) . s(t)=[s;tle. s tel(E). (5)

» For generalized geometry (Hircruiv/Guartierr), inf. elements of
Diff(M) x Q% (M) (locally) are sections

X=X+w, Y=Y+5 e€l(TMa& T"M)
and act via the Dorfman derivative:

X(f) = X(f), X(Y)=[XY] =[X,Y]+ LxB—tydw. (6)



More examples

> In extended field theories(HuLL,ZwiEBacH, Honv, BERMAN, VAISMAN)
like double or exceptional field theory we have actions of the form

G- BG'B BG!

— —¢ —
s= [ awermon. u=(°225,° U)o
They have infinitesimal spacetime transformations parameterized by
fundamentals of O(d, d), XM = (X*(x, %), X,.(x, X)) and acting on
functions and vectors as:

X(F) = XM (). @
(y)M XN@ yM yN@NXM yNaMXN .

We will show that all of them are of derived bracket form. Especially in
the last item, this gives insight into the algebraic structure of symmetries
of DFT/EFT.



(Pre)-NQ-manifolds and derived brackets

Important definitions

Definition.

A symplectic pre-NQ-manifold of N-degree n is an N-graded manifold
M, together with symplectic form w of degree n and a vector field Q of
degree 1, satisfying Low = 0.

Examples
An important class where in addition Q% = 0, are the Vinogradov Lie
n-algebroids:
V(M) := T*[n| T[1]M .

They have the following properties:

> Local coordinates (x*,£*, (., pu) of degrees 0,1,n—1, n.

» Symplectic form w = dx* A dp,, + d§* A d(,

> Nilpotent vector field @ with Hamiltonian Q = £#p,,, i.e.

{Q,9} =0.



Degree 2 and Lie 2-algebra

GETZLER, FIORENZA, MANETTI, VORONOV

Let M be a symplectic pre-NQ-manifold of degree 2. On
Co (M) & C§° (M) consider the maps:

p: Coo(M) = Cr*(M)
pa (M) X CF(M) = 3%y (M) i+j>0 (9)
pai o CE(M) x (M) x C¥(M) = (M) i=0,1

With 6f := {Q, f} for f € C{°(M) and zero otherwise, they are
wa(fg) = 3(10F.¢} + {08, F}) (10)

us(f.g, h) = —%({{5f,g},h}i...) .



Degree 2 and Lie 2-algebra

BAEz, CRANS, GETZLER, FIORENZA, MANETTI, VORONOV

If {Q, 9} =0, i.e. in the NQ-case, one can prove the relations:
f7f1,f2’féecfo(./\/t), g7g17g2ecgo(M)

2(f, pa(g))

(&1, 11(82))

(i, 2(f2, B3)) + pa(f, p2(f3, £1))
+ p2(fs, pa(hfi, 2))

pa(pa(f,g)) = 1
MZ(Ml(gl)agZ) = K
= [

(s, B, ) ()

2
2

i.e. CP°(M) @ C§° (M) with the p; is a 2-term L., algebra which is
equivalent to a Lie 2-algebra.



Conditions for L.-structure

A.D., SAMANN

If {Q, 9} # 0, one has to choose an appropriate subset of functions to
ensure to still have the Lie 2-agebra relations:

7~

Theorem.

Consider a subset of C7°(M) @ C3°(M), such that the Poisson
brackets and the maps y; close on this subset. Then the latter is
a 2-term L,-algebra if and only if

{Q*f, e} +{Q%, f} =0,
{@%X, f} + {Q*F, X} =0, (12)
{{Q°X, Y}, Z}x,v,71 =0,

for all functions f,g € C§°(M) and X,Y,Z € C{°(M) and the
subscript [X, Y, Z] means the alternating sum over X, Y, Z.




The Lie/Dorfman bracket as a derived bracket

ROYTENBERG, WEINSTEIN

» M manifold, take V1 (M). Then

M2(X7 Y) = [X7 Y] = {{Q7X}7 Y} )

l.e. the Lie bracket is a derived bracket.
» Take V»2(M). Then objects in C$°(M) correspond to generalized

vectors and

/J,l(f) = df 5

wX+a,Y+8)=[X,Y]+Lx8—Lya— %d(Lxﬂ —ya),
N’3(Xa Y7Z) = <[X, Y],Z> +CyC1' .
(14)

l.e. the Dorfman bracket is a derived bracket.



The C-bracket as derived bracket

A.D., SAMANN, STASHEFF

We take the same setting as before, but instead of M as base, we take
T*M, i.e. we take Vo(T*M). Locally we have (xM, &M (y, pm) of
degree (0,1,1,2), i.e. 2d + 2d vectors. To get 2d we project:

oM = (M) Y = (M) )

Results in Poisson structure and hamilton function:
w= dx" Adpm + Enun dOM AdON Q= 0Ypy . (16)

We still have Lx,w = 0 but {Q, Q} # 0, so we get a pre-NQ manifold.



The C-bracket as derived bracket

A.D., SAMANN, STASHEFF

With local coordinates (xM,0M py) of degree (0,1,2), and most general
degree one objects X = X0 (using nuy to raise and lower indices) we
get:

pi(f) = omf oM,
pa(X,Y) = 3(X(Q) = Y(X)m M, (17)
p3(X,¥,2) = xMzNoyyy — YMZNom Xy + cycl.

l.e. the C-bracket is a derived bracket.

Recall that X (V)M = xNoyIM — yNoyaM 4+ yNoM xy,.



The C-bracket as derived bracket

A.D., SAMANN, STASHEFF

Evaluating the theorem on the pre-NQ-manifold locally in a patch
U C T*M with coordinates (x™,0M py) with f € C°>*(U) and
X, Y, Z € CR(T*[2] T[1]U), we get

> {Q%f, g} +{Q%.f} = 20muf n""ong = 0
This is the strong constraint.

» {Q2X, f} + {Q%F, X} = 2(0mXk 0 )MNONF = 0
This is the strong constraint for vectors and functions.

> ({Q°X, D}, ZYx .z = 209((0M Xk )(OMmIY") Zn) 12 p,2) = O
Additional constraint for vectors? ...Shows up in properties of the
Riemann tensor of double field theory



Infinitesimal symmetries as derived brackets

A.D., SAMANN

We have seen that for geometry, generalized geometry and local double
field theory infinitesimal spacetime or configuration space transformations
are of derived bracket form. Same can be shown for heterotic
generalized geometry and heterotic double field theory. This
suggests to use it as a guiding principle:

Infinitesimal spacetime/configuration space transformations are of
derived bracket form.

To be further investigated, many other examples:
> Exceptional generalized geometries, exceptional field theories
» Noncommutative field and gravity theories

» Counter examples?



A look on the roadmap

>

The same constructions done for V,(M) give the Vinogradov
brackets on

X = XPCu+ Xy (& €L T(TM @ AT M) .

In particular SL(5) exceptional generalized geometry in case of
n=3.

In case of Es, Eg exceptional generalized geometry the NQ manifolds
are more complicated (Arvanrtaxis). No NQ manifolds for E7 or
higher so far.

AKSZ constructions with such NQ-manfiolds and deformation
quantization (CHA'I'ZIS’I'AVRAKIDIS. JONKE, KHOO, KOKENYESI, MYLONAS,
SCHUPP, SINKOVICS, SZAB()).

Exceptional field theories (BErMaN, CEDERWALL, GODAZGAR,

KLEINSCHMIDT, PALMKVIST, PERRY, SAMTLEBEN, TH()MPS()N), | guess their
symmetries are of derived form.

Everything local in the talk so far. What about global issues,
examples?
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Heisenberg nilmanifold: Peridodicity

SH—— Nj«
l (Xl,X27X3)N(X17X2+17X3)N( 17X27X3+1)
~ (P41, X2 X3 — jx?)
T2
» Invariant one-forms:  dx!, dx?, dx3+ jxtdx?.
> Metric: g = (dx})? + (dx?)? + (dx® + jxt dx?)? .

First chern class:

v

Cl(Nj,k) :jdxl N CI'X2 R /7_2 Cl(NJ') = . (18)

H-flux representing Dixmier Douady class of U(1)-gerbe:

v

H = kdx! A dx® A dx®, / H=k. (19)
N.

i,k



U(1)-gerbe and periodicity

Generalized geometry on N; ,:
0— T"Njy — € — TNy —0

Xy +76) = X@) + ) + X0 (B) = Bla)) » on Us NUa C Ny .

In terms of periodicity on N; x, e.g.:
X + ¥ |(x1+1,x2,x37jx2) =X + ‘(Xl’xz7x3) + Ix(k dX2 A dX3) s (20)

for B-field B = kx! dx? A dx3. Invariant sections are e"8(X + ), with

inverse B-transform e &.



In terms of NQ-manifolds: T*[2] T[1]N; «
» Degree-1 coordinates corresponding to the invariant forms:
S ~ddt, E~dx®, E~dd+ xtdx®, (21)

and the corresponding vector fields ({1, (2, (3).
» The corresponding coordinates invariant under patchings of % , are

¢=¢& =123,
G=0, G@=G—k'&, G=G+hke&. (22
» Degree-2 momenta: Periodicity due to RoyTENBERG
(x5, X3, p1, p2, p3) ~ (X' + 1,x%, x> — jx*, p1, p2 + jps, p3) - (23)
» Periodicity-invariant symplectic form, homological function :
w=dx' Adp+det AdG, Q= ¢Edp;, (24)

with anchor 2/ relating ¢; to the standard basis on TN .

1



T-duality between subalgebras

Jk><T2 Nk,J > p"H—p*H =d(p"ANDP"A)
(BOL'WKNEGT. EVSLIN, MATHALI,
HANNABUSS, H()SENBERG)

Nkj » Interchanging j and k (Buscier)
\ / g = go + (dx® + jxtdx?)?, B = kx'dx®

g = go+ (dx* + kx'dx?)?, B B = jxtdx?*

» Construct pre—NQ manifold &j x = &k j using periodicity invariant
(x,&,¢, p) by reducing a Courant algebroid on N; ; x 12 Ny ;.

» The conditions of theorem give embeddings:

C>(&x)

Co(T [ TIIN; k) C(T [ T[] Nk j)



T-duality between subalgebras

A.D., SAMANN, WORK IN PROGRESS

Studying T-dual subalgebras means solving the following problem:

Find embeddings ¢, 7 such that Im(c),Im(%) C C*°(&; «) satisfy the
conditions:
{Q*f. g} +{Q%, f} =0,
{Q°X, f} +{Q*f, X} =0, (25)
{{Q2X7 y}7 Z}[X,Y,Z] :Ov

for f of degree-0 and X, Y, Z of degree-1 in the image of ¢, 7.

Interesting: Q2 now differs from the flat case:
Q% = (p3 — kE'€%)(ps — jE'€?) - (26)

Compare to “solving the section condition” in DFT?



T-duality between subalgebras

A.D., SAMANN, WORK IN PROGRESS

Is there a more geometric interpretation of Q27

» Recall the local version psps and {p;,f} = O;f.
> Here e.g. {D,} = {ps — k€'€2, }
» Meaning e.g. on degree-1:

{D, X} = 95X + k(X*¢? — X?¢)

v

NOT the connective structure (would be ¢2¢3)

Courant algebroid connection? (ALekseev, Guartieri, Xu), see Jan's
talk.

v



Next steps and outlook

» Find and classify embeddings ¢, study properties (Lagrangian etc.).

» Can we compare to DFT? Solving the section condition <> finding
dual subalgebras. If so, interpret the additional terms containing the
Dixmier Douady classes k£'¢2 and j€1€2,

» For NQ@-manifolds, we studied aspects of Riemannian geometry.
Apply here.

» What about the exotic cases where there are Q- and R-fluxes?

» The formalism extends readily to (so far some) exceptional
generalized geometries.

» Important operations are given in terms of Poisson brackets. What
happens if we replace {-,-} by [, ]+?



Appendix: Construction of &j «
As we have coordinates with periodicity, we imitate the local case:

» First construct a Courant algebroid on N, X 72 N j, containing
p*H £ p*H as twist. In particular, the degree-2 momenta have
periodicity:

2.3 4 = = = =
, X, X aP1>P27P3»P4)

~ (Xl + 15X2aX3 _jX27X4 - kX2,[_)1,ﬁ2 +JF_)3 + kﬁ47f_’37ﬁ4)

(x*, x

Possible to choose periodicity invariant coordinates (x', ¢/, ¢, pi).
» Reduce to the pre-NQ-case by setting

_1r S o
b: =5(8xa), 2 =5(¢+a).
and only keeping 61 and 62.
» Reduced invariant symplectic form and hamiltonian:
w = dx" Adp;+ d&' A d¢ + dEX A dG + dOL A dB7
Q=_E"p1+Epr+ 05 ps+ 67 ps— jx'ps — kx'Epy .
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