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RB and parabolic problems – semi-variational setting

I space: Gelfand triple V ↪→ H ↪→ V ′ (e.g. V = H1
0 (Ω), H = L2(Ω))

I time: 0 < T <∞, I := (0,T )

I parameter: µ ∈ D ⊂ Rp

I standard assumptions (∀µ ∈ D):

|a(φ, ψ;µ)| ≤ Ma‖φ‖V ‖ψ‖V , φ, ψ ∈ V (boundedness)
a(φ, φ;µ) + λa‖φ‖2

H ≥ αa‖φ‖2
V , φ ∈ V (Gårding)

I operator A(µ) ∈ L(V ,V ′): 〈A(µ)w , v〉V ′×V := a(w , v ;µ)

u̇(t;µ) + A(µ) u(t;µ) = g(t;µ) in V ′, u(0;µ) = u0 in H

(easy extension to non-LTI)
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RB and parabolic problems: Semi-weak form/time-stepping

I (semi-)weak form in space (∀φ ∈ V , t ∈ I a.e.)

find u(t;µ) ∈ V : (u̇(t;µ), φ)H + a(u(t), φ;µ) = (g(t;µ), φ)H

I semi-discretization in time: e.g. θ-scheme: uk ≡ uk(µ), tk = k ∆t

1
∆t
(
uk+1 − uk , v

)
H + a(θuk+1 + (1− θ)uk , v ;µ)

= θg(v , tk+1;µ) + (1− θ)g(v , tk ;µ), v ∈ V .

I parameter: POD-Greedy based upon energy estimates (Haasdonk, Ohlberger)

‖eK (µ)‖V ≤ ‖e0(µ)‖V

(
γUB
αLB

)K
+

K−1∑
k=0

∆t
αLB

(
γUB
αLB

)K−k−1
‖r k

N(µ)‖V ′ =: ∆K
N (µ)
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A simple, small example...

I I := (0,T ], T > 0; Ω := (0, 1); β(x) := 1
2 − x

I ∂tu − ∂xx u + µ1 β(x) ∂x u + µ2u = f (t, x) ∈ I × Ω, u(0) = u0

I Discretization/RB w.r.t. space: ∂tuN − ∂xx uN + µ1 β(x) ∂x uN + µ2uN = f
I Relation Error/Residual: ‖u − uN‖t,x ≤ C(µ; T )‖rN‖
I L2-type energy-based error estimates:

C(µ; T ) L2 energy

µ1 > 0, µ2 = 0 eµ1T

µ1 = 0, µ2 < 0 e−µ2T

µ1 = µ2 = 0 T
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“... the main bottleneck of RBMs for time-dependent systems,
namely the explosive (exponential) growth of the error with time.”

Some unknown referee, 2011.
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Space-Time variational formulation

I variational form in time and space:∫ T

0
{〈u̇(t;µ), φ(t)〉+ a(u(t), φ(t);µ)}dt =

∫ T

0
〈g(t;µ), φ(t)〉dt

I L2(I; X ) :=
{

v : I → X : ‖v‖2
L2(I;X) :=

∫ T

0
‖v(t)‖2

X <∞
}

(Bochner space)

I X := {v ∈ L2(I; V ) : v̇ ∈ L2(I; V ′), v(0) = 0} (note: X ↪→ C(I; H))
‖w‖2

X := ‖w‖2
L2(I;V ) + ‖ẇ‖2

L2(I;V ′) + ‖w(T )‖2
H

I Y := L2(I; V ), ‖v‖Y := ‖v‖L2(I;V )
I bilinear/linear space-time forms read

I [w , v ]H :=
∫

I〈w(t), v(t)〉V ′×V dt, A[w , v ;µ] :=
∫

I a(w(t), v(t);µ) dt
I b(w , v ;µ) := [ẇ , v ]H +A[w , v ;µ], f (v) := [g , v ]H

I (Petrov-Galerkin) variational form:

u(µ) ∈ X : b(u, v ;µ) = f (v ;µ) ∀v ∈ Y
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Space-Time variational formulation

Proposition (U., Patera 2011)
Assume (A1,A2). Then, we obtain the inf-sup lower bound

β(µ) := inf
w∈X

sup
v∈Y

b(w , v ;µ)
‖w‖X ‖v‖Y

≥ βLB := min{1, (α− λ%2) min{1,M−2
a }}

max{1, (β∗a (µ))−1}
√

2
,

where % := sup
06=φ∈V

‖φ‖H
‖φ‖V

and β∗a (µ) := inf
φ∈V

sup
ψ∈V

a(ψ,φ;µ)
‖φ‖V ‖ψ‖V

.
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I proof uses “supremizer” vw := (A∗)−1ẇ + w ∈ Y (∼ Schwab, Stevenson)
I supremizers in RB: Rozza, Veroy 2006
I ∼ optimal trial/test-function relation, Demkowicz, Gopalakrishnan 2011
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Corollary

For the heat equation, it holds β = γ := sup
w∈X

sup
v∈Y

b(w ,v)
‖w‖X ‖v‖Y

= 1

 error = residual
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Petrov-Galerkin Discretization

I Xδ ⊂ X , Yδ ⊂ Y can be chosen as Crank-Nicholson / DG [δ ≈ (∆t, h)]

Proposition
I If a(·, ·) be symmetric, bounded and coercive
I use energy norm ‖φ‖2

V := a(φ, φ), φ ∈ V
Then βδ = γδ = 1.

I Andreev (ETH, 2012-):
systematic study of inf-sup-stable space-time discretizations
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I Xδ ⊂ X , Yδ ⊂ Y can be chosen as Crank-Nicholson / DG [δ ≈ (∆t, h)]
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RBM comparison for parabolic problems
Space-Time:

I Offline:
I Do full space-time (Crank-Nicholson or DG or HT or ...)
I select N space-time basis functions via Greedy and ∆N(µ)

I Online:
I Solve N × N non-symmetric linear system

POD-Greedy:
I Offline:

I Do time marching (K steps with sparse matrix, K ≈ 1
∆t )

I select M space basis functions (POD w.r.t. time)

I Online:
I Do K steps of M ×M linear system

Extensive comparison: Glas, Mayerhofer, U. (2016)
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Numerical results

I comparison L2-type energy vs. space-time-based error estimates:

C(µ; T ) L2 energy Inf-Sup

heat eq. µ1 = µ2 = 0 T 1
convection-diffusion µ1 > 0, µ2 = 0 eµ1T µ1T
Helmholtz µ1 = 0, µ2 < 0 e−µ2T e−µ2T
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C(µ; T ) L2 energy Inf-Sup

heat eq. µ1 = µ2 = 0 T 1
convection-diffusion µ1 > 0, µ2 = 0 eµ1T µ1T
Helmholtz µ1 = 0, µ2 < 0 e−µ2T e−µ2T

“... the main bottleneck of RBMs for time-dependent systems,
namely the

:::::::
explosive

::::::::::::
(exponential)

::::::
growth

::
of

:::
the

:::::
error

::::
with

::::
time.”
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Beyond parabolic problems (C. Beattie: “The mode killers”)

(1) 1st order transport: Bu := ut + ~b · ∇u + cu =: ut + Au = f

(2) Wave equation: Bu := utt −∆u = f
I In both: expect u(t) ∈ H a.e. (L2(Ω)) – not more in general
I Goal: construct optimal space-time form (β = γ ≈ 1)
I use (very/ultra) weak space-time formulation in L2(I; H)

with smooth test functions in Hm(I; W ), where
W := D(A) := {φ ∈ H : Aφ ∈ H}

I Wave: m = 2, subspace of W = H2(Ω) (∼ Lions, Magenes)
I Transport: m = 1, W ∼ optimal test spaces

(∼ Dahmen, Hoang, Schwab, Welper)
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(Very) Weak formulation (Dahmen, Hoang, Schwab, Welper)

I Ω ⊂ Rn, n ≥ 1: bounded polyhedral, Lipschitz boundary
I Γ± := {z ∈ ∂Ω : ~b(z) · ~n(z) ≷ 0}, ~n: outward normal of Γ := ∂Ω.

I 1st order transport:

B(µ)u(z) := ~bµ(z) · ∇u(z) + cµ(z)u(z) = f (z ;µ), z ∈ Ω,
u(z) = g(z ;µ) z ∈ Γ−,

I formal adjoint: (B∗(µ)v ,w)L2(Ω) = (B(µ)w , v)L2(Ω) ∀v ,w ∈ C∞0 (Ω)
I Examples: (ψ ∈ C1(D) ∩ C(D̄))

I stationary: A∗(µ)ψ := −~bµ · ∇ψ + ψ(cµ −∇ · ~bµ),
I instationary: B∗(µ)ψ := −~bµ;T · ∇Tψ + ψ(cµ −∇T · ~bµ;T )

= −ψ̇ + A∗(µ)ψ
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Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)
(B1) If ∃ dense D(B∗) ⊆ L2(Ω) on which B∗ is injective,
(B2) range R(B∗) := {B∗v : v ∈ D(B∗)} of B∗ dense in X ′, then

‖v‖∗ := ‖B∗v‖X ′ is a norm on D(B∗).

I here: X = X ′ = L2, ‖v‖∗ ≡ ‖v‖µ := ‖B∗(µ) v‖L2

I b : X × Yµ ×D → R, b(v ,w ;µ) := (v ,B∗(µ)w)L2
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{D(B∗(µ))}

I b : X × Yµ ×D → R, b(v ,w ;µ) := (v ,B∗(µ)w)L2

Proposition
Assume (B1), (B2); f ∈ Y ′ given.
Then: ∃! u(µ) ∈ X : b(u, v ;µ) = f (v ;µ) ∀v ∈ Yµ
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Assume (B1), (B2); f ∈ Y ′ given.
Then: ∃! u(µ) ∈ X : b(u, v ;µ) = f (v ;µ) ∀v ∈ Yµ and

sup
w∈X

sup
v∈Yµ

b(w , v ;µ)
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w∈X

sup
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b(w , v ;µ)
‖w‖X ‖v‖Yµ
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(Space-time) Discretization – how to realize optimality?

I δ: discretization parameter
I δ = h for space-only problems
I δ = (∆t, h) for instationary problems in space and time

I discrete PG problem: (Xδ ⊂ X , Yµ;δ ⊂ Yµ)

uδ(µ) ∈ Xδ : b(uδ(µ), vµ;δ;µ) = f (vµ;δ;µ) ∀vµ;δ ∈ Yµ;δ.

I optimal setting (βδ = γδ = 1) Yµ;δ = B−∗(µ)Xδ ⊂ Y
I in [DHSW]: (i) choose Xδ; (ii) determine (sub-optimal) Ỹδ
I here: (i) choose Yµ;δ := (Yδ, ‖ · ‖µ);
I note:

I trial Xµ;δ: different sets with common norm ‖ · ‖L2(Ω)
I test Yµ;δ: common set Yδ with different norms ‖ · ‖Y,µ

 RB approximation is no linear combination of snapshots!
I b(ξµ;i , ηj ;µ) = (B∗(µ)ηi ,B∗(µ)ηj)L2 (Xδ;µ = span{ξµ;i}; Yδ = span{ηj})
I wδ(µ) ∈ Yδµ : (B∗(µ)wδ(µ),B∗(µ)vδ)L2 = fµ(vδ) ∀vδ ∈ Yδµ

then: uδ(µ) := B∗(µ)wδ(µ)
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Numerical Experiments: 1D-1D (non–parametric)

I Ω = (0, 1), n = d = 1, Γ− = {0}, Γ+ = {1}
I Bu(x) := b u′(x) + c(x) u(x), x ∈ Ω, u(0) = g

I B∗v(x) := −b v ′(x) + c(x) v(x)
I test space: pw linear FE ηi

I trial space:

ξi (x) := B∗ηi (x) =


− b

h + c(x)( x
h + 1− i), x ∈ Ii−1,

b
h + c(x)(− x

h + 1 + i), x ∈ Ii ,
0, else.
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n = 1/h 4 8 16 32 64 128 256

L2-error 0.03311 0.01664 0.00833 0.00417 0.00208 0.00104 0.00052

rate — 0.99274 0.99817 0.99954 0.99989 0.99997 0.99999

Table: 1D: L2-error and rate of convergence as h→ 0.
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Numerical Experiments: 1D-1D

Figure: 1D: L2-approximation vs. exact solution for h = 1/8 (left) and h = 1/16 (right).
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Numerical Experiments: 1D-2D-P

I Ω = (0, 1)2, P := (0, π2 )

I Bµu :=

cos(µ)
sin(µ)

 · ∇u + cu = f  B∗µu := − cos(µ)∂x u− sin(µ)∂y u + cu

I δ = 1/64  dim(Yδ) = (2 · 64)2 = 16.384
I Ptrain = {1◦, 2◦, . . . , 89◦}, i.e. ntrain = 89; strong greedy
I µtest = 67.2439587◦
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Wave equation: A (very) weak space-time form

I Wave: ü −∆u = g , u(0) = u0 ∈ H, u̇(0) = u1 ∈ V ′

I Very/ultra weak in space and time:

b(w , v) :=
∫ T

0
(w(t), v̈(t) + Av(t))H dt

f (v) := (g , v)L2(I;H) + 〈u1, v(0)〉V ′×V − (u0, v̇(0))H

I X := L2(I; H)
I test inner product: (w , v)Y ≡ (w , v)∗ := (ẅ + Aw , v̈ + Av)L2(I;H)
I Y := {w ∈ H2

{T}(I; H) ∩ L2(I; W ) : ‖v‖Y <∞} (∼ Lions, Magenes)
I Then:

inf
w∈X

sup
v∈Y

b(w , v)
‖w‖X ‖v‖Y

= 1
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Wave equation: Discretization

I using standard trial Xδ ⊂ X = L2(I; H) and
computing optimal test Yδ;µ is too costly

I choose Yδ = Q2
h ⊗ Q2

∆t for various δ = (h,∆t)
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Wave equation: Numerical results (optimal trial/test)
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Wave equation: Numerical results

Comparison with energy-based estimate (Patera, U. ∼ Bernardi, Süli)
for eN := u − uN :

‖eN(t)‖H ≤
√
‖eN(0)‖2

H + αa‖ėN(t)‖2
V ′ +

√
αa

2

∫ t

0
‖rN(s)‖V ′ds.
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Conclusions and outlook
Space-Time variational formulations ...

I ... allow for sharp inf-sup estimates (∼ RBM)

I ... provide us with estimates also for standard schemes (Crank-Nicholson)
I ... are applicable (at least) for parabolic,

transport, wave problems (optimal trial/test function relation)
I ... are highly online efficient for RB (ex.: CDR N = 8)
I ... can be coupled with adaptive schemes (Ali, Steih, U.)

I Extensions / ongoing work:

I online efficient error estimates (Brunken, Smetana)
I non-coercive variational inequalities (Glas)
I Helmholtz, Schrödinger (Hain, Radic)
I HJB (Glas, Kiesel)

www.uzwr.de
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