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Generalized Sylvester equations
Consider the generalized Sylvester matrix equation

(1) AX + XBT +
m∑

i=1

NiXMT
i = C1CT

2

where A,B,Ni,Mi ∈ Rn×n, for all i = 1, . . . ,m� n, with n (very) large, C1,C2 ∈ Rn×r , r � n
Applications: MOR for bilinear systems, analysis of linear stochastic differential equations [2], discretization of elliptic PDEs [4]

Further assumptions (not uncommon in applications):

ρ(L−1Π) < 1, L(X) := AX + XBT , Π(X) :=
∑m

i=1 NiXMT
i

If com(F ,G) := FG − GF , F ,G ∈ Rn×n, then, for all i = 1, . . . ,m,

com(A,Ni) = UiŨT
i , com(B,Mi) = QiQ̃T

i

where Ui, Ũi ∈ Rn×si, si � n, and Qi, Q̃i ∈ Rn×ti, ti � n

Closed-form solution and existence of low-rank approximations
The solution X to (1) can be written as

X =
∞∑

j=0

(−1)jYj

AY0+Y0BT = C1CT
2 , AYj +YjBT =

m∑
i=1

NiYj−1MT
i , j ≥ 1

Approximation given by

(2) X` :=
∑̀
j=0

(−1)jYj

s.t. ‖X − X`‖ ≤ ‖L−1(C1CT
2 )‖

ρ(L−1Π)`+1

1− ρ(L−1Π)

Theorem
Let X` be as in (2). Then there exists a low-rank matrix X̄` s. t.

‖X` − X̄`‖ ≤ K̄e−π
√

k

where K̄ > 0 only depends on L and `. Moreover,

rank(X̄`) ≤ (2k + 1)r + `(2k + 1)`+1m`r

A new approximation space
For simplicity: m = 1 (not restrictive)

Extended Krylov subspace: effective for (standard) Sylv eqs (m = 0) [6]
EK�k (A,C) := Range

{[
C,A−1C, . . . ,Ak−1C,A−kC

]}
Lemma
If com(A,N) = UŨT , U, Ũ ∈ Rn×s, s � n,

N · EK�k (A,C1) ⊆ EK�k (A, [NC1,U])

Compute X̄` ≈ X` as X̄` = S1ST
2 , S1,S2 ∈ Rn×d, d � n, where

S1 ∈ EK�k (A,DL), S2 ∈ EK�k (B,DR)

DL := [C1,NC1,U, . . . ,N`C1,N`−1U], DR := [C2,MC2,Q, . . . ,M`C2,M`−1Q]

In many applications,
small values of ` provide good accuracy
dim (Range {DL})� r + `(r + s), dim (Range {DR})� r + `(r + t)

Projection methods for (1) - Algorithm
Algorithm: Galerkin projection method for generalized Sylv eqs (m = 1)
Input: A,B,N,M ∈ Rn×n, U ∈ Rn×s, Q ∈ Rn×t, C1,C2 ∈ Rn×r , ` > 0
Output: S1,S2 ∈ Rn×d, d � n
1. Set β1 = ‖C1‖F , β2 = ‖C2‖F
2. Set DL = [C1,NC1,U, . . . ,N`C1,N`−1U]

3. Set DR = [C2,MC2,Q, . . . ,M`C2,M`−1Q]

4. Perform rank-revealing QR factorization, DL = V1γL, DR = W1γR

5. Set V1 ≡ V1 andW1 ≡ W1

6. Set θL = γL(1 : r , 1 : r) and θR = γR(1 : r , 1 : r)

7. For k = 1, 2, . . . , till convergence
8. Compute next basis blocks Vk ,Wk

9. Set Vk = [Vk−1,Vk], Wk = [Wk−1,Wk]

10. Update Tk = V T
k AVk , Hk = W T

k BWk , Gk = V T
k NVk , Fk = W T

k MWk

11. Solve TkZk + ZkHT
k + GkZkF T

k = E1θLθ
T
RET

1
12. Compute ‖Rk‖2

F = ‖ZkEkhT
k+1‖2

F + ‖τk+1EkZk‖2
F

13. If ‖Rk‖F/β1β2 is small enough Stop
14. EndDo
15. Compute the SVD of Zk = ΘΣΥT

16. Set S1 = Vk

(
Θ
√

Σ
)

, S2 = Wk

(
Υ
√

Σ
)

Numerical experiments: low-rank Π
Consider

AX + XAT + uvTXvuT = CCT

where A = n2 tridiag(1,−2, 1) ∈ Rn×n, n = 10000, and u, v ,C ∈ Rn

random vectors. Left and right spaces coincide: EK�k (A, [C, u])
tol= 10−8

Its. Memory rank(X ) Lin. solves CPU time (s)
BilADI (4 Wach. shifts) [1] 88 72 72 4869 9.50

BilADI (8H2-opt. shifts) [1] 60 71 71 2752 7.71
GLEK [5] 7 332 57 1053 14.67

EK�k (A, [C, u]) 57 228 63 114 3.12

For problems with low-rank Π, the proposed method works well even
removing the assumption ρ(L−1Π) < 1, while other methods do not!

Numerical experiments: MIMOF
Consider

AX + XAT + γ2N1XNT
1 + γ2N2XNT

2 = CCT

where γ = 1/4, A = tridiag(2,−5, 2), N1 = tridiag(3, 0,−3) ∈ Rn×n,
n = 10000, N2 = −N1 + I , C = randn(n, r), r = 2. tol= 10−8

com(A,N1) = −com(A,N2) = 12[e1, en][e1,−en]T

Range{[N1C,N2C]} = Range{N1C}
Left and right spaces coincide: EK�k (A, [C,N1C, e1, en])

Its. Memory rank(X ) Lin. solves CPU time (s)
BilADI (4 Wach. shifts) [1] 34 95 95 2452 13.12

BilADI (8H2-opt. shifts) [1] 32 95 95 2268 13.50
GLEK [5] 29 498 138 4965 29.53

EK�k (A, [C,N1C, e1, en]) 10 120 89 60 3.08
F slight modification of Example 2 in [3]
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