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This talk is based on:

• Issoglio E., Jing S. Forward-backward SDEs with distributional
coefficients - preprint 2016 (arXiv:1605.01558)
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Introduction: Rough PDEs

(PDE)


ut(t, x) + Lbu(t, x) + f (t, x , u(t, x),∇u(t, x)) = 0,
u(T , x) = Φ(x),
∀(t, x) ∈ [0,T ]× Rd ,

where

I u : [0,T ]× Rd → Rd is the unknown

I Lbui = 1
2∆ui + b · ∇ui is defined component by component

I f : [0,T ]× Rd × Rd × Rd×d → Rd

I β ∈
(
0, 12
)
, q ∈

(
d

1−β ,
d
β

)
I b is a Schwartz distribution b ∈ L∞([0,T ];H−βq (Rd ;Rd))
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Forward-backward SDE

I For b smooth, the solution of the PDE above can be
expressed using a forward-backward SDE system via the
well-known non-linear Feynman-Kac representation formula.

The forward-backward SDE system associated with (PDE) is
(FBSDE)

X t,x
s = x +

∫ s
t dWr ,

Y t,x
s = Φ(X t,x

T )−
∫ T
s Z t,x

r dWr

+
∫ T
s [Z t,x

r b(r ,X t,x
r ) + f (r ,X t,x

r ,Y t,x
r ,Z t,x

r )]dr

for all s ∈ [t,T ].

I Then we have u(s,X t,x
s ) = Y t,x

s and ∇u(s,X t,x
s ) = Z t,x

s
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Another Forward-backward SDE
It turns out one can associate another forward-backward SDE
system with (PDE), that is

(FBSDE*)


X t,x
s = x +

∫ s
t b(r ,X t,x

r )dr +
∫ s
t dWr ,

Y t,x
s = Φ(X t,x

T )−
∫ T
s Z t,x

r dWr

+
∫ T
s f (r ,X t,x

r ,Y t,x
r )dr ,

for all s ∈ [t,T ].

I We have again u(s,X t,x
s ) = Y t,x

s and ∇u(s,X t,x
s ) = Z t,x

s
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Comments for the case b smooth:

I (FBSDE) and (FBSDE*) are related by a Girsanov change of
measure

I (FBSDE) is associated with 1
2∆ in the PDE

I (FBSDE*) is associated with Lb = 1
2∆ + b · ∇u in the PDE

Comments for the case b rough:

I The transformation above is not justified when the coefficient
b is a distribution

I Link not established yet, we study (FBSDE) and (FBSDE*)
independently

I The associated PDE is the same for both systems!
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Aim of this talk:

I Find a unique mild solution of (PDE)

I Define and find a unique virtual-strong solution of (FBSDE)

I Feynman-Kac formula: show link between the mild solution of
(PDE) and the virtual-strong solution to (FBSDE)
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PDE - I

Let us recall the semi-linear PDE we consider
ut(t, x) + 1

2∆u +∇u · b + f (t, x , u(t, x),∇u(t, x)) = 0,
u(T , x) = Φ(x),
∀(t, x) ∈ [0,T ]× Rd ,

Definition: The mild solution is given by

u(t) =P(T − t)Φ +

∫ T

t
P(r − t)(∇u(r) · b(r)) dr

+

∫ T

t
P(r − t)f (r , u(r),∇u(r)) dr

where P(t) is the heat semigroup generated by 1
2∆
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PDE - II
Question: What is the meaning of the product ∇u(r) · b(r)?

I Use the notion of pointwise product [Runst, Sickel (1996)]:
for f , g ∈ S ′ we define the product if the limit exists in S ′

fg := lim
j→∞

S j f S jg

I S j f (x) :=
(
ρ
( ·
2j

)
f̂
)∨

(x), and ρ mollifier with compact supp

Fractional Sobolev spaces on Rd

I fractional Sobolev Space Hα
p := (I − 1

2∆)−α/2(Lp) for α ∈ R
I Hα

p ⊂ S ′ (α < 0: distributions; α ≥ 0: functions)
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PDE - III

The pointwise product

I b ∈ H−βq distribution, 0 < β < δ

I ∇u ∈ Hδ
p function, q > p ∨ d

δ

Then ∇u · b ∈ H−βp and

‖∇u · b‖
H−β
p
≤ c ‖b‖

H−β
q
‖∇u‖Hδ

p

Remark: the product b · ∇u is a distribution
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PDE - IV

I look for a fixed point u = I (u)

I solution u is a weakly differentiable function u ∈ H1+δ
p

I drift is a distribution b ∈ H−βq

I 0 < β < δ < 1
2

I f (r , ·, ·) is Lipschitz in the Fractional Sobolev spaces

u(t) = P(T−t)Φ+

∫ T

t

P(r−t)
( ∈Hδ

p︷ ︸︸ ︷
∇u(r) ·

∈H−β
q︷︸︸︷

b(r)
)︸ ︷︷ ︸

∈H−β
p

dr+

∫ T

t

P(r−t) f (r , u(r),∇u(r))︸ ︷︷ ︸
∈H0

p

dr

I the semigroup lifts almost 2 derivatives: from −β to 1 + δ
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PDE - V

Theorem

I b ∈ L∞([0,T ]; H−βq )

I Φ ∈ H1+δ+2γ
p

I f : [0,T ]× H1+δ
p × Hδ

p → H0
p be such that

‖f (t, ·, u1, v1)− f (t, ·, u2, v2)‖H0
p
≤ L(‖u1− u2‖H1+δ

p
+ ‖v1− v2‖Hδ

p
)

Then there exists a unique mild solution u ∈ C ([0,T ],H1+δ
p ) to

(PDE).
Moreover u ∈ Cγ([0,T ],C 1,α) for some γ, α > 0 small enough.
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Existing Literature on FBSDEs

I On strong solutions: seminal work of Pardoux&Peng 1990,
Pardoux&Peng 1992, Antonelli 1993.
Many other authors...

I On weak solutions: Antonelli&Ma 2003,
Buckdahn&Engelbert&Rascanu 2004, Lejay 2004,
Delarue&Guatteri 2006, Ma&Zhang&Zheng 2008

I With distributional coefficients: Erraoui&Ouknine &Sbi
1997–1998, Russo&Wurzer 2015
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FBSDE
Let us recall the FBSDE we consider:

Xs = x +
∫ s
t dWr

Ys = Φ(WT ) +
∫ T
s [b(r ,Xr ) · Zr + f (r ,X ,Y ,Z )]dr

−
∫ T
s ZrdWr

I X t,x
s is a Brownian motion on (Ω,F ,P) starting in x at time t

I F is the filtration generated by W (or X equivalently)

I
∫ T
s Z t,x

r b(r ,X t,x
r )dr is not well-defined a priori
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The Itô trick

I Auxiliary PDE (u is the mild solution of (PDE))

(1)

{
wt + 1

2∆w = ∇u · b,
w(T , x) = 0, ∀(t, x) ∈ [0,T ]× Rd ,

that is w(t) =
∫ T
t Pr−t(∇u(r) · b(r))dr

I If b was smooth, Itô’s formula for w(·,X ) would give∫ T

s
Zrb(r ,Xr )dr = −w(s,Xs)−

∫ T

s
∇w(r ,Xr )dWr

I The Itô trick: replace the rough LHS with known terms on
RHS
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Solution for the FBSDE

Definition
A virtual-strong solution to the backward SDE in (FBSDE) is a
couple (Y ,Z ) such that

I Y is continuous and F-adapted and Z is F-progressively
measurable;

I E
[
supr∈[t,T ] |Yr |2

]
<∞ and E

[∫ T
t |Zr |2dr

]
<∞;

I for all s ∈ [t,T ], the couple satisfies the following backward
SDE P-almost surely

(2)
Ys = Φ(XT )−

∫ T
s ZrdWr +

∫ T
s f (r ,Xr ,Yr ,Zr )dr

−w(s,Xs)−
∫ T
s ∇w(r ,Xr )dWr .
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FBSDE - How to find a solution

I Let us transform (2) as follows:
• Ŷs := Ys + w(s,Xs);
• Ẑs := Zs +∇w(s,Xs);
• f̂ (s, x , y , z) := f (s, x , y − w(s, x), z −∇w(s, x))

I We get the following auxiliary backward SDE

Ŷs = Φ(XT )−
∫ T

s
ẐrdWr +

∫ T

s
f̂ (r ,Xr , Ŷr , Ẑr )dr(3)

I Proposition: (Y ,Z ) is a solution of (2) iff (Ŷ , Ẑ ) is a
solution of (3)

I Theorem: If f is Lipschitz (and ...) ∃! strong solution (Ŷ , Ẑ )
to the auxiliary backward SDE (3).
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A Feynman-Kac formula

Theorem

I Let u be the unique mild solution of (PDE) and X be a
Brownian motion such that Xt = x .
Then the couple (u(·,X ),∇u(·,X )) is a virtual-strong solution
of (FBSDE).

I Let (Y t,x ,Z t,x) be the unique virtual-strong solution of
(FBSDE) and suppose that Y t,x

s = α(s,X t,x
s ) and

Z t,x
s = β(s,X t,x

s ) for some deterministic functions α, β with
appropriate regularity.
Then the unique mild solution of (PDE) can be written as
u(t, x) = Y t,x

t and moreover we have that ∇u(t, x) = Z t,x
t .
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FBSDE*{
Xs = x +

∫ s
t b(r ,Xr )dr +

∫ s
t dWr

Ys = Φ(WT ) +
∫ T
s f (r ,X ,Y ,Z )dr −

∫ T
s ZrdWr

Theorem:
Under (almost) the same assumptions for FBSDE there exists a
virtual-weak solution to (FBSDE*) given by the standard set-up
(Ω,F ,P,F, (Wt)t) and the triplet (X , u(·,X ),∇u(·,X )).

Remarks:

I no uniqueness because of limiting argument

I Feynman-Kac needed to solve BSDE

I weak-type of solution because X is weak
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Future research directions and Open questions

I Define the solution of (FBSDE) “directly”, not using the Itô
trick to replace the singular term - Work in progress with
Francesco Russo

I Study non-linear PDEs e.g. with a quadratic term like
(∂xu)2b, and use them to solve BSDEs quadratic in Z with
distributional coefficients - Work in progress

I Use some sort of “Girsanov transformation” to infer stronger
results on (FBSDE*) using the results on (FBSDE) - Open
question

I Investigate the “non-linear semigroup” generated by
1
2∆ + b · ∇ - Open question
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Thank You for Your Attention.
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