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1 One-dim diffusion processes and aim of talk

Let X = {Xt} be a diffusion process generated by

L =
1

2
a(x)

d2

dx2
+ b(x)

d

dx
=

d

dm

d

ds
.

m(dx) is the speed measure and s(x) is the scale function.

♣ {s(Xt)} is a time-changed one-dimensional Brownian motion.

——————————–

The aim of this talk is to show that,

for a class of 2-dim diffusion process {Xt} , ∃Φ, a function (quasiconformal mapping),

such that {Φ(Xt)} is a time-changed Brownian motion.



2 Some of related works
(1) P.Lévy. g : C ⊃ U → C analytic, {Bt}: BM with B0 ∈ U

Then, {g(Bt)} is a time-changed BM in C.

(2) Csink and Øksendale (1983) et al. For diffusion processes {Xt}, {Yt} on Rd, Rp,

characterization a mapping φ such that {φ(Xt)} is a time change of {Yt} is given

by means of harmonic morphisms

and other characterizations of φ are given.

Given such φ, the corresponding diffusion is used to study φ (e.g., boundary value)

(3) Canonical forms of 2nd order ellptic operators (Courant-Hilbert, Petrovsky)

♣ We concentrate on the case where d = p = 2 and {Yt} is a BM.

We construct the mapping φ for a class of {Xt} by using quasiconformal mappings.



3 Rough story

Let ds2 = g11dx
2 + 2g12dxdy + g22dy

2 be a Riemannian metric on U ⊂ R2,

Assumption. (gij) is bounded, measurable, uniformly elliptic.

Then we always have a coordinate system (u, v) on U such that

ds2 = ρ(u, v)(du2 + dv2) for some function ρ(u, v) > 0

(u, v) is an isothermal coordinate and

Φ(x, y) = (u(x, y), v(x, y)) is a quasiconformal mapping.

The Laplace-Beltrami operator is
1

ρ(u, v)

( ∂2

∂u2
+

∂2

∂v2

)
(2-dim !)

and the corresponding diffusion is a time-changed Brownian motion.



4 Plan
1. Isothermal coordinate (Beltrami equation)

2. Dirichlet forms

3. 2-dim diffusions with drifts

4. Remarks on 3-dim spaces



5 Isothermal coordinate (Beltrami equation)

Write in complex form

ds2 = g11dx
2 + 2g12dxdy + g22dy

2 =
(√

g11dx+
g12√
g11

dy
)2

+
( √

G
√
g11

dy
)2

=
(√

g11dx+
g12 + i

√
G

√
g11

dy
)(√

g11dx+
g12 − i

√
G

√
g11

dy
)
,

(G = det(gij) = g11g22 − g212) and set

λ = g11 + g22 + 2
√
G, α =

g11 − g22
λ

and β =
2g12
λ

.

Put µ = α+ iβ. Then

ds2 =
λ

4
|dz + µdz|2,

where, as usual, z = x+ iy and z = x− iy.



We have ds2 =
λ

4
|dz + µdz|2 and

|µ|2 =
g11 + g22 − 2

√
G

g11 + g22 + 2
√
G

≦ ∃k < 1.

Then, we see that the equation, called the Beltrami equation,

∂w

∂z
= µ

∂w

∂z
or µ =

wz

wz
,

has a unique solution w (w(O) = 0 for a fixed O ∈ U) with wz ∈ Lp(U) (∃p > 2)

and, setting

ρ =
1

4
λ
∣∣∣∂w
∂z

∣∣∣2 and w = u+ iv,

we obtain

ds2 =
λ

4
|dz + µdz|2 = ρ|wzdz + wzdz|2 = ρ|dw|2 = ρ(du2 + dv2)

and w is the desired quasiconformal mapping or the isothermal coordinate.



6 Dirichlet forms
We have shown (x1 = x, x2 = y, u1 = u, u2 = v)

ds2 =
2∑

i,j=1

gijdxidxj = ρ(du21 + du22), where w = u1 + iu2 satisfies
∂w

∂z
= µ

∂w

∂z
.

The Jacobian is

∂(u1, u2)

∂(x1, x2)
=

1

ρ

√
G, G = g11g22 − g212.

Theorem. For any C1 functions φ and ψ on U with compact support,
2∑

i,j=1

∫
U

gij(x1, x2)
∂φ

∂xi
(x1, x2)

∂ψ

∂xj
(x1, x2)

√
G(x1, x2)dx1dx2

=

2∑
i=1

∫
Φ(U)

∂φ

∂ui
(u1, u2)

∂ψ

∂ui
(u1, u2)du1du2.

Extention to a subspace of L2(
√
Gdx1dx2) = L2(ρdu1du2) !!



7 2-dim diffusions with drifts
Let U be convex and L is given by

L = λ(x, y)
( ∂2

∂x2
+

∂2

∂y2

)
+ b1(x, y)

∂

∂x
+ b2(x, y)

∂

∂y
.

Fix y and define the functions sy and my on U by

sy(x) =

∫ x

c

exp
(
−
∫ v

c

b1(u, y)

a(u, y)
du

)
dv, and m′

y(x) =
1

a(x, y)
exp

(∫ x

c

b1(u, y)

a(u, y)
du

)
.

Then, setting ξ = sy(x), we have

L = a1(ξ, y)
∂2

∂ξ2
+ ã(ξ, y)

∂2

∂y2
+ b̃2(ξ, y)

∂

∂y
,

where

a1(ξ, y) =
s′y(s

−1
y (ξ))

m′
y(s

−1
y (ξ))

, ã(ξ, y) = a(s−1
y (ξ), y) and b̃2(ξ, y) = b2(s

−1
y (ξ), y).



Next fix ξ. Then, in the same way, L is transformed into the form

L = a1(ξ, ŝ
−1
ξ (η))

∂2

∂ξ2
+ â2(ξ, η)

∂2

∂η2
.

Finally, using the result on the isothermal coordinate again, we see that there exists a

coordinate (x̃, ŷ) and a function a∗(x̂, ŷ) satisfying

L = a∗(x̂, ŷ)
( ∂2

∂x̂2
+

∂2

∂ŷ2

)
.



8 Remarks on 3-dim spaces
3∑

i,j=1

gijdxidxj has an isothermal coordinate ⇐⇒ The Cotton tensor Rijk is zero, where

Rijk = Rij,k −Rik,j +
1

4
(gikR,j − gijR,k), R : scalar curvature

A map Φ :M → N is a harmonic morphism (preserves the harmonic structure)

if and only if Φ is harmonic and conformal (∃ isothermal coordinate).
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(1) Riemannian metric 2 = dx2 + dy2 + f(x, y)2dz2 has an isothermal coordinate iff

− fxxfy + 2fxyfx + yyyfy − (fxx + fyy)yf = 0,

− fyyfx + 2fxyfy + fxxfx − (fxx + fyy)xf = 0.

(i) f(x, y) = 1 + x2 + y2 OK (ii) f(x, y) =
√
1 + x2 + y2 does not satisfy.

(2) Let (B1(t), B2(t), B3(t)) be a 3-dim BM and

S(t) =
1

2

∫ t

0

(B2(s)dB1(s)−B1(s)dB2(s)) be the stochastic area of B1(t) and B2(t).

♣ (B1(t), B2(t), B3(t) + S(t)) cannnot be written as a time-change of 3-dim BM,

because this process corresponds to the metric

ds2 = (1 +
1

4
y2)dx2 + (1 +

1

4
x2)dy2 + dz2 − 1

2
xydxdy + xdydz − ydxdz

and the Cotton tensor of this metric is not zero.


