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The equation

Consider

∂

∂t
ut(x) = −ν(−∆)α/2ut(x) + σ

(
ut(x)

)
Ḟ (t, x) t ≥ 0, x ∈ Rd

The initial condition is a bounded non-negative function u0(x).

Cov
(
Ḟ (t, x), Ḟ (s, y)

)
= δ0(t − s)f (x − y),

with
f (x − y) = |x − y |−β , 0 < β < d .
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We want to extend results about the following Parabolic Anderson Model:

∂

∂t
ut(x) = ∆ut(x) + ut(x)Ẇ (t, x) t ≥ 0, x ∈ Rd

to the more general equation:

∂

∂t
ut(x) = −ν(−∆)α/2ut(x) + σ

(
ut(x)

)
Ḟ (t, x)
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The ‘obvious’ difficulties:

The operator is more general.

The noise is colored in time.

The equation is non-linear

The initial condition is not bounded below.
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The general aim

Existence and uniqueness is not the issue here.

We are interested in boundedness properties of the solution.

We will assume that

c1x ≤ σ(x) ≤ c2x for x ∈ R
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The mild solution in the sense of Walsh

We look at the integral equation

ut(x) = (pt ∗ u0)(x) +

∫ t

0

∫
Rd

pt−s(x − y)σ(us(y))F (ds dy),

where pt(x) is the density of the stable process associated with the fractional
Laplacian.

There is no formula for pt(x). We have

c1(t−d/α ∧ t

|x |d+α
) ≤ pt(x) ≤ c2(t−d/α ∧ t

|x |d+α
)
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The main results(with E.Nualart).

Assume that the initial solution is bounded below by a positive constant.

Roughly speaking for large R, we have

sup
|x|≤R

ut(x) ≈ econst·(log R)α/(2α−β)
.
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The main results(with E.Nualart).

If the initial function is not bounded below, then the situation is more
complicated.

lim
|x|→∞

u0(x) = 0 and u0(x) ≤ u0(y) whenever |x | ≥ |y |.

Set

Λ := lim
|x|→∞

| log u0(x)|
(log |x |)α/(2α−β)

.
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Theorem (F.,Nualart(2017+))

Suppose that the initial function u0 satisfies the above conditions.

If 0 < Λ <∞, there exists a random variable T such that

P
(

sup
x∈Rd

ut(x) <∞, ∀t < T and sup
x∈Rd

ut(x) =∞, ∀t > T

)
= 1.

If Λ =∞,

P( sup
x∈Rd

ut(x) <∞, ∀t > 0) = 1.

If Λ = 0,

P( sup
x∈Rd

ut(x) =∞, ∀t > 0) = 1.
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Necessary ingredients

Both results require

Sharp tail estimates that is bounds on

P(ut(x) > λ)

”Independent quantities”.

When the initial condition is not bounded below, we need an extra argument
which we will describe later.
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For the Anderson Model (σ(x) ∝ x), we can sharp estimates for moments via
Feynman-Kac formulas. We don’t have such formulas here.

For the independent quantities, we use a localisation procedure to obtain
these quantities.
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The localisation procedure: the white noise case

We look at the truncated equation:

U
(n,j)
t (x) = (pt ∗ u0)(x) +

∫ t

0

∫
B(x, (nt)1/α)

pt−s(x − y)σ(U
(n,j−1)
t (y))F (n)(ds dy).

{U(n,n)(xi )}∞i=1 are independent random variables if ‖xi − xj‖ ≥ 2n1+1/αt1/α.

U
(n,n)
t (x) approximates the solution ut(x).
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The moment comparison principle

To obtain sharp tail estimates, we need sharp estimates on E|ut(x)|k .

For the PAM model, that is for σ(u) ∝ u, this has been done.

We have to find a way to transfer the information about the moments for the
PAM model to the more general non-linear model.
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Motivating problem for work with Joseph and Li

∂

∂t
ut(x) = −ν(−∆)α/2ut(x) + σ1

(
ut(x)

)
Ḟ (t, x)

∂

∂t
ut(x) = −ν(−∆)α/2ut(x) + σ2

(
ut(x)

)
Ḟ (t, x)

Question: Can we compare the moments?
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The Moment comparison principle

Theorem (F.,Joseph, Tang-Li(2017+))

Let u be the solution to the SPDE and ū be the solution to the same SPDE but
with σ replaced by another Lipschitz continuous function σ̄ such that
σ(x) ≥ σ̄(x) ≥ 0 holds for all x ∈ R+. Then for any integer m ≥ 1

E
[
ut(x)m

]
≥ E

[
ūt(x)m

]
. (0.1)
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Moment bounds.

Since
c1x ≤ σ(x) ≤ c2x for x ∈ R

There exists a positive constant A such that for x ∈ Rd , k ≥ 2 and t > 0,

uk0
Ak

exp(
1

A
k(2α−β)/α−βt) ≤ E|ut(x)|k ≤ Ak ūk0 exp(Ak(2α−β)/α−βt),

where
u0 := inf

x∈Rd
u0(x) and ū0 := sup

x∈Rd

u0(x).
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Tail estimates

P(ut(x) > λ) . exp

(
− c1
t(α−β)/α

∣∣∣∣log
λ

Aū0

∣∣∣∣(2α−β)/α
)

P(ut(x) > λ) & exp

(
− c1
t(α−β)/α

(
log

2λA

u0

)(2α−β)/α
)
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General strategy for the proof of the comparison principle.

Consider the following SDEs

dXt = b(Xt)dt + σ1
(
Xt

)
dBt ,

and

dYt = b(Yt)dt + σ2
(
Yt

)
dBt ,

with the same initial condition x0. Set

Pσ1
t f (x) := Ex f (Xt) and Pσ2

t f (x) := Ex f (Yt),

and let Lσ1 , Lσ2 be the generators corresponding to Xt and Yt respectively.
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The idea is to show that

Pσ1
t f (x) ≥ Pσ2

t f (x), (0.2)

whenever σ1 ≥ σ2 and f belonging to some appropriate class of functions. By
appealing to the following “integration by parts” formula

Pσ1
t f (x)− Pσ2

t f (x) =

∫ t

0

Pσ2
t−s(Lσ1 − Lσ2)Pσ1

t f (x) ds,

showing (0.2) amounts to proving

(Lσ1 − Lσ2)Pσ1
t f (x) ≥ 0.
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We approximate the SPDE by a system of interacting SDEs.

We show that the strategy above works for this system of SDEs as well.

We can also show that various other comparison principles follow from this
approximation.
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The system of SDEs

We work on discrete space. The stable process is approximated by the
random walks which have large jumps. The space-time noise is approximated
by Brownian motion.

We look at a system of the form

Ut(x) =
(
Pt ∗ U0

)
(x) +

∫ t

0

∑
y∈Zd

Pt−s(x − y)σ
(
Us(y)

)
dBs(y), x ∈ Zd

where (
Pt ∗ U0

)
(x) :=

∑
y∈Zd

Pt(x − y)U0(y).

and
Pt(x) := P(Xt = x), x ∈ Zd . (0.3)
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Local limit theorem

Fix T > 0. Then, under some assumptions, uniformly for εα ≤ t ≤ T and
|x | > t1/α, x ∈ εZd , we have∣∣∣∣ 1

εd
P(εXt/εα = x)− pt(x)

∣∣∣∣ . tεa

|x |d+α+a
.
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Another comparison principle.

Theorem (F.,Joseph, Tang-Li(2017+))

Let u and v be solutions to the SPDE with initial profiles u0 and v0 respectively,
and such that u0(x) ≤ v0(x) for all x ∈ Rd . Then

P
[
ut(x) ≤ vt(x) for all x ∈ Rd , t ≥ 0

]
= 1.
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Insensitivity analysis

We need a new idea to consider the case when the initial condition is not
bounded below.

The idea is to compare the solution when the initial condition is a constant
with the solution when the initial condition is not bounded below.
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The theorem

Theorem (F., E. Nualart(2017+))

Let a ∈ Rd and R > 1. Let u and v be the solution to our SPDE with respective
initial conditions u0 and v0. Suppose that on B(a, 2R), u0(x) = v0(x). Then for
all t > 0 and k ≥ 2, we have

sup
x∈B(a,R)

E|ut(x)− vt(x)|k .
1

Rαk/2
ec1k

(2α−β)/(α−β)t ,

where c1 is some positive constant.
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Suppose that for R > 0, the function fR(·) is a non-negative non-decreasing
locally integrable function on [0, T ] satisfying the following

fR(t) ≤ AR(t) + B

∫ t

0

f2R(s)

(t − s)γ
ds,

where AR(·) is also a locally integrable non-decreasing function [0, T ], B is a
positive constant and γ < 1. If

sup
n≥1

fnR(t) <∞ and AnR(t) ≤ A(n−1)R(t) for n ≥ 1,

then there exists a positive constant c1 such that

fR(t) . AR(t)ec1t for 0 ≤ t ≤ T .
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Thank You
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