Navier-Stokes equations with constrained L? energy of the solution

Zdzislaw Brzezniak

Department of Mathematics
University of York

joint works with Mauro Mariani (Roma 1) and Gaurav Dhariwal (York)

LMS EPSRC Durham Symposium Stochastic Analysis
Durham, July 10-20, 2017

%

UNIVERSITYW

Zdzislaw Brzezniak (York) Constrained NSEs July 10, 2017 1/19



o Caglioti et.al [5] studied 2D NSEs in R? with constraints

E(w) = -, Y(z) w(z) do = . lu(z)? dz = a,
I(w) = /]Rz |z|*w(z) de = b,

where
w = curlu, =—(A)""w.
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o Caglioti et.al [5] studied 2D NSEs in R? with constraints
Bw) = [ b@we@ds= [ ju@)ds=a
R2 R2
I(w) :/ |z|*w(z) dx = b,
RrR2

where
w = curlu, =—(A)""w.

o They proved that for a certain stationary solution wasr of the Euler equation (in the
vorticity form) with constraints a, b, for every initial data wo " close enough” warr
with the same constraints a, b;

w(t) = wur, ast — oo,

where w(t) is the solution of the NSEs (in the vorticity form) with inital data wo and
the same constraints.
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@ Rybka [7] and Caffarelli & Lin [4] studied heat equation with constraint
ful 2 = 1. 1)
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@ Rybka [7] and Caffarelli & Lin [4] studied heat equation with constraint

ful g2 = 1. (1)
@ The heat equation is given by
ou
o — A 2
ot “ )
where Au = —Aw is a self adjoint operator on H.
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@ Rybka [7] and Caffarelli & Lin [4] studied heat equation with constraint

ful 2 = 1. (1)
@ The heat equation is given by
ou
o — A 2
ot “ )
where Au = —Aw is a self adjoint operator on H.
@ We define a Hilbert manifold
M={ueH: |uu=1} 3)
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@ Rybka [7] and Caffarelli & Lin [4] studied heat equation with constraint

ful 2 = 1. (1)
@ The heat equation is given by
ou
o — A 2
ot “ )
where Au = —Aw is a self adjoint operator on H.
@ We define a Hilbert manifold
M={ueH: |uu=1} 3)

o Note that Au ¢ TuM for u € M but Il,(—Au) € TyM for every u € M, where
I, Hox—x—(x,u)pu € TIM={yecH: (u,y)n =0} (4)

is the orthogonal projection.
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@ Rybka [7] and Caffarelli & Lin [4] studied heat equation with constraint

ful 2 = 1. (1)
@ The heat equation is given by
ou
o — A 2
ot “ )
where Au = —Aw is a self adjoint operator on H.
@ We define a Hilbert manifold
M={ueH: |uu=1} 3)

o Note that Au ¢ TuM for u € M but Il,(—Au) € TyM for every u € M, where
I, Hox—x—(x,u)pu € TIM={yecH: (u,y)n =0} (4)

is the orthogonal projection.

o Since I, (—Au) = —Au+ |AY?ulFu, we get
ou
5= —Aut |AY 2. (5)
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Constrained Heat equation

@ A special case of heat equation with Dirichlet boundary condition

ou 5
E*AU‘HVMLZU (6)
u(0) = uo
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Constrained Heat equation

@ A special case of heat equation with Dirichlet boundary condition

ou 5
afAu—HVuhzu 6)
u(0) = uo
o Note that the heat equation (2) can be seen as an L?—gradient flow of energy
1
g =y [ IVu(e)dz, ™)
2Jo

as formally —Vi2&(u) = Aw.
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Constrained Heat equation

@ A special case of heat equation with Dirichlet boundary condition

ou 5
afAu—HVuhzu 6)
u(0) = uo

o Note that the heat equation (2) can be seen as an L?—gradient flow of energy

Eu) =1 / Vu(z)? de, %
2 (@)
as formally —Vi2&(u) = Aw.

@ Similarly, the constrained heat equation (6) can be seen as the gradient flow of £
restricted to the manifold M with L?—metric on the "tangent bundle”.
In fact one can prove that the solution of (6) with ug € Hg(©) N M satisfies

t

E(u(t)) +/0 |A u(s) 4 |VulF2u(s)|72 ds = E(u(0)) (8)

from which one can deduce the global existence.
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Constrained Heat equation

@ A special case of heat equation with Dirichlet boundary condition

du
2= A 2
51 u+|Vuli2u (6)
u(0) = uo
o Note that the heat equation (2) can be seen as an L?—gradient flow of energy
1
g =y [ IVu(e)dz, ™)
2Jo
as formally —Vi2&(u) = Aw.
@ Similarly, the constrained heat equation (6) can be seen as the gradient flow of £
restricted to the manifold M with L?—metric on the "tangent bundle”.
In fact one can prove that the solution of (6) with ug € Hg(©) N M satisfies
t
E(u(t)) + / |Au(s) + |Vulz2u(s)|Z2 ds = E(u(0)) (8)
0

from which one can deduce the global existence.

@ An essential step in proving the global existence is to establish the invariance of M.
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Navier-Stokes equations

We consider NSEs

(9)

which is an abstract form of

%—VAu—&—zrVu—i—Vp:O,

divu =0,
u(0,-) = uo(+).
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Navier-Stokes equations

We consider NSEs

ou
4 B =
51 +Au+ B(u,u) =0 9)
u(0) = wuo
which is an abstract form of
%—VAu—&—zrVu—i—Vp:O,
divu =0,
w(0,) = uo(:)-
Here
B(u,u) =II(u - Vu) (10)
where I : L?(O) — H is the orthogonal projection.
H={ue L*0): divu=0
and ulpo -n=0 (Dirichlet b.c.)
or / u(z)dr =0 (Torus)} (11)
o
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Constrained Navier-Stokes equations

o Weput M={uecH:|ulp=1}.

@ The projected version of (9) can be found in a similar way as before.
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Constrained Navier-Stokes equations

o Weput M={uecH:|ulp=1}.

@ The projected version of (9) can be found in a similar way as before.

o Note
I, (B(u,w)) = B(u,u) — (B(u,u),u)u u = B(u,u). (12)
-0
So we get
Ou + Au+ B(u,u) = |Vu|i.u
ot T L2 (13)

u(0) =uo € VAM,

where V.= Hy? N M or H"? N M.
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Constrained Navier-Stokes equations

o Weput M={uecH:|ulp=1}.

@ The projected version of (9) can be found in a similar way as before.

o Note
I, (B(u,w)) = B(u,u) — (B(u,u),u)u u = B(u,u). (12)
-0
So we get
Ou + Au+ B(u,u) = |Vu|i.u
ot T L2 (13)

u(0) =uo € VAM,

where V.= Hy? N M or H"? N M.

@ We can show existence of a local maximal solution w(t),t < 7 which lies on M.
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Constrained Navier-Stokes equations

o Weput M={uecH:|ulp=1}.

@ The projected version of (9) can be found in a similar way as before.

o Note
I, (B(u,w)) = B(u,u) — (B(u,u),u)u u = B(u,u). (12)
-0
So we get
Ou + Au+ B(u,u) = |Vu|iau
ot T L2 (13)

u(0) =uo € VAM,

where V.= Hy? N M or H"? N M.
@ We can show existence of a local maximal solution w(t),t < 7 which lies on M.
@ However to prove the global existence one needs to assume that we deal with
periodic boundary conditions (or torus), because then

(Au, B(u,u))u = 0.
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Global existence for Constrained NSEs

@ Since
[ull¥ = Julf + [ Vulzs = |ulf; + 26 (u)
and the L?—norm of u(t) doesn't explode. In order to show that ||u(t)||3 doesn't
explode, it suffices to show that |Vu(t)|.2 neither does.
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Global existence for Constrained NSEs

@ Since
[ull¥ = Julf + [ Vulzs = |ulf; + 26 (u)
and the L?—norm of u(t) doesn't explode. In order to show that ||u(t)||3 doesn't
explode, it suffices to show that |Vu(t)|.2 neither does.
o Formally, we have

1d

ia\Vu(t)FLz = (', Au)2 = (—Au— Bu,u) + |Vu|i2u, Au) 2

—|Au|2L2 + |Vu|iz (14)
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Global existence for Constrained NSEs

@ Since
[ull¥ = Julf + [ Vulzs = |ulf; + 26 (u)
and the L?—norm of u(t) doesn't explode. In order to show that ||u(t)||3 doesn't
explode, it suffices to show that |Vu(t)|.2 neither does.
o Formally, we have

%%\vu(m; — (', Au)ps = (—Au — Blu,u) + [Vul2au, Au) s
= —|Auli2 +|Vuliz. (14)
@ But recall
VmE(u) = M, (Vu€(u)) = I, (Au) = Au — |Vl 2u. (15)
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Global existence for Constrained NSEs

@ Since
[ull¥ = Julf + [ Vulzs = |ulf; + 26 (u)
and the L?—norm of u(t) doesn't explode. In order to show that ||u(t)||3 doesn't
explode, it suffices to show that |Vu(t)|.2 neither does.
o Formally, we have

%%\vu(mifz — (', Au)ps = (—Au — Blu,u) + [Vul2au, Au) s
= —|Aul2 + |Vul72. (14)
@ But recall
VmE(u) = M, (Vu€(u)) = I, (Au) = Au — |Vl 2u. (15)
Thus

IVmEW) |32 = |[Aul® 4+ |Vulte [ul22 —2|Vulte (u, Au) e
N~~~ —
=1 =|v u|i2
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Global existence for Constrained NSEs

@ Since
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o Formally, we have
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Deterministic constrained NSEs - Main Theorem

e Hence [Aul}, — [Vu|. > 0 and
1 2 ¢ 2 1 2
SIVu@®lz + [ [VmE(uls))L2 ds = 5[Vuolr2,  t€[0,T).  (17)
0

Thus we can summarise our results in the following theorem :

For every uo € VN M there exists a unique global solution v of the constrained NSEs
(13) such that w € X for all T > 0.

Here X = C([0,T]; V) N L2(0, T; D(A)).
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Stochastic Constrained NSEs

o We assume that W = (Wi, .-+, W,,) is R™ —valued Wiener process , ¢1 -+ ,¢m and
Ci,- -+ ,C,y, are respectively vector fields and assosciated linear operators given by

Cju=c¢j(z) -Vu, : divej=0, je{l,---,m}.
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Stochastic Constrained NSEs

o We assume that W = (Wi, .-+, W,,) is R™ —valued Wiener process , ¢1 -+ ,¢m and
Ci,- -+ ,C,y, are respectively vector fields and assosciated linear operators given by

Cju=c¢j(z) -Vu, : divej=0, je{l,---,m}.

@ Since .
Cju = IICju, je{1,---,m},

is skew symmetric in H, these operators don’t produce any correction term when
projected on T3, M.
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Stochastic Constrained NSEs

o We assume that W = (Wi, .-+, W,,) is R™ —valued Wiener process , ¢1 -+ ,¢m and
Ci,- -+ ,C,y, are respectively vector fields and assosciated linear operators given by

Cju=c¢j(z) -Vu, : divej=0, je{l,---,m}.

@ Since
Cju =ICju, je{1,---,m},
is skew symmetric in H, these operators don’t produce any correction term when
projected on T3, M.
@ Thus the stochastic NSE

du + [Au+ B(u,u)] dt = ZC wodW; = ZCjude—l— %ZCfudt

Jj=1 Jj=1 Jj=1

Stratonovich = It6 + correction

under the constraint is given by

du+ [Au+ B(u,u) — |Vul72 u] dt ZC’ wdt + ZC’]udW] (18)

j=1
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Martingale solution

We say that there exists a martingale solution of (18) iff there exist

@ a stochastic basis (Q,ﬁ,l@‘,[@’) with filtration F = {ft} oy
>0

@ an R™-valued F-Wiener process W

@ and an I@‘—progressively measurable process u : [0, 7] X Q0 — VN M with P-ae. paths
u(-,w) € C([0, T); V) N L*(0, T; D(A)),

such that for all ¢ € [0,77] and all v € D(A):

(u(t),v) +/0 (Au(s),v)ds +/ (B(u(s)), v) ds = (uo, v)

0

+/Ot|Vu(s>|iz<u<s>,v>ds+%/Ot_zx ds+/Z u(s), v)AW;,

(19)

the identity hold P-ass.

4
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Existence of a martingale solution

Theorem 3 (Assume that our domain is the 2-d torus)

Then for every ugp € VN M, there exists a martingale solution to the stochastic
constrained NSEs (18).
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Existence of a martingale solution

Theorem 3 (Assume that our domain is the 2-d torus)

Then for every ugp € VN M, there exists a martingale solution to the stochastic
constrained NSEs (18).

Sketch of the proof : Galerkin approximation :
Let {e;} be ONB of H and eigenvectors of A.

H,, :=lin{er, - ,en}is the finite dimensional Hilbert space
n
P, : H— H,, be the orthogonal projection operator given by P,u = Z(u, €;) €.
i=1

We consider the following " projection” of onto H,:

dun = — [PnAun + PnB(’U,n) — |Vun|i2un} dt + Z;nzl PnC]un o de: t Z 07
un(0) = %7 for n large enough
n L

(20)
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Existence of a martingale solution

Theorem 3 (Assume that our domain is the 2-d torus)

Then for every ugp € VN M, there exists a martingale solution to the stochastic
constrained NSEs (18).

Sketch of the proof : Galerkin approximation :
Let {e;} be ONB of H and eigenvectors of A.

H, :=lin{ei1, - ,en}is the finite dimensional Hilbert space

n

P, : H— H,, be the orthogonal projection operator given by P,u = Z(u, €;) €.

i=1
We consider the following " projection” of onto H,:
dun = — [PnAun + PnB(’U,n) — |Vun|i2un} dt + Z;nzl PnC]un o de: t Z 07
un(0) = %7 for n large enough
(20)
We fix T' > 0.
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Existence of a martingale solution

Theorem 3 (Assume that our domain is the 2-d torus)

Then for every ugp € VN M, there exists a martingale solution to the stochastic
constrained NSEs (18).

Sketch of the proof : Galerkin approximation :
Let {e;} be ONB of H and eigenvectors of A.

H, :=lin{ei1, - ,en}is the finite dimensional Hilbert space
n

P, : H— H, be the orthogonal projection operator given by P,u = Z(u, €;) €.

i=1
We consider the following " projection” of onto H,:
dun = = [PaAuy + PaB(un) — |[Vun|7oun] dt + 37 PuCjuy 0 dWj, >0,
un(0) = %7 for n large enough

(20)
We fix T' > 0. Equation (20) is a stochastic ODE on a finite dimensional compact
manifold M, = {u € Hy, : |u|,2 = 1}.
Hence it has a unique M-valued solution (with continuous paths). Moreover, Vq > 2

T
E lun (8)| dt < oo.

g
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A'priori estimates

These depend deeply on the property that
(B(u), Auyu =0, u e D(A).
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A'priori estimates

These depend deeply on the property that
(B(u), Auyu =0, u e D(A).
and a very specific assumption

@ We assume c¢; - - - , ¢y, are constant vector fields.
Let K. = maxjci,...,m |¢j|r2-

Lemma 4

Letp € [1, 1+ %) and p > 0. Then there exist positive constants C1(p, p), C2(p, p)
and Cs(p) such that if |uo||lv < p, then
supE( sup IIun(T)Ilff’> < Ci(p,p), (21)
n>1 re(0,T]
T
SupE [ ()R Aun(5) = [V (9)eun(s) i ds < Calpp), (22)
n> 0
and -
supIE/ |un(s)\]23(A) ds < Cz(1) + C1(2)T =: C3(p). (23)
n>1 0
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Aldous condition

We put
Zr =C([0,T]; H) N L2,(0, T; D(A)) NL*(0, T; V) N C([0, T]; V),

and T the corresponding topology.
In order to prove that the laws of u,, are tight on Zr. Apart from a'priori estimates we
also need one additional property to be satisfied :
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Aldous condition

We put
Zr =C([0,T]; H) N L2,(0, T; D(A)) NL*(0, T; V) N C([0, T]; V),

and T the corresponding topology.
In order to prove that the laws of u,, are tight on Zr. Apart from a'priori estimates we
also need one additional property to be satisfied :

Lemma 5 (Aldous condition in H)

Ve >0,Vn>036 >0 : for every stopping time 1,: Q — [0,T]

sup sup P (|un(7n +0) — un(m)lu >1n) < e. (24)
neN 0<0<6

Lemma 5 can be proved by applying Lemma 4 to equations (20).
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Aldous condition

We put
Zr =C([0,T]; H) N L2,(0, T; D(A)) NL*(0, T; V) N C([0, T]; V),

and T the corresponding topology.
In order to prove that the laws of u,, are tight on Zr. Apart from a'priori estimates we
also need one additional property to be satisfied :

Lemma 5 (Aldous condition in H)

Ve >0,Vn>036 >0 : for every stopping time 1,: Q — [0,T]

sup sup P (|un(7n +0) — un(m)lu >1n) < e. (24)
neN 0<6<6

Lemma 5 can be proved by applying Lemma 4 to equations (20).

Corollary 6

The laws of (uy) are tight on Zr, i.e. Ve >0 3 K. C Zr compact, such that

P(un, € Kc) >1—¢, VnéeN.
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Skorokhod theorem

By the application of the Prokhorov and the Jakubowski-Skorokhod Theorems (since Zp
is not a Polish space, \ANeAneed Jakubowski) we deduce that there exists a subsequence, a
probability space (2, F,P), Zr—valued random variables %, such that

Law(in) = Law(un),
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Skorokhod theorem

By the application of the Prokhorov and the Jakubowski-Skorokhod Theorems (since Zp
is not a Polish space, \ANeAneed Jakubowski) we deduce that there exists a subsequence, a
probability space (2, F,P), Zr—valued random variables %, such that

Law(in) = Law(un),
and there exists i: Q — Zp random variable such that

Un —u in, P—a.s.
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Skorokhod theorem

By the application of the Prokhorov and the Jakubowski-Skorokhod Theorems (since Zp
is not a Polish space, \ANeAneed Jakubowski) we deduce that there exists a subsequence, a
probability space (2, F,P), Zr—valued random variables %, such that

Law(in) = Law(un),
and there exists i: Q — Zp random variable such that

Un —u in, P—a.s.

Then, using Kuratowski Theorem, we can deduce that the sequence ,, satisfies the same
a'priori estimates as u,. In particular Vp € [1,1+ %)

suplE< sup ||an(r)|%f’> < Ci(p), (25)
n>1 r€(0,T)
r 2
SI;PE/ [iin(s)|D(ay ds < Cs. (26)
n>1 0
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Convergence

The choice of Z7 allows to deduce that V¢ € H(orV) and s,t € [0,T7:

(2) limpooo (@in (t), Put) = (a(t),v), P-as.,

(b) limp—oo [*(Alin(0), Putp) do = [!(Au(0), ) do, P-ass.,

(€) limnsoo [1(B(in(0), @n(0)), Patp) do = [{(B(a(0),@(0)), ) do, P-ass,
(d) limp—oo f:|Vﬁn( )22 (iin (), Put)) do——f V(o) |22 (@(0), ) do, P-as.
(e) limn—eo [1(CF iin(0), Patb) do = [(CFi(0),1)) do, P-as.
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Convergence

The choice of Z7 allows to deduce that V¢ € H(orV) and s,t € [0,T7:

(a) limp o0 (iin (t), Patp) = (a(t), ), P-as.,

(b) limp—oo [*(Alin(0), Putp) do = [!(Au(0), ) do, P-ass.,

(©) Tittnsoe [ (B(itn(0), 8n(0)), Pat) do = [*(B(a(0), (o)), ) do, B-as.
(d) Tinsoo J* [Vt (0) 2 (in (0), Puth) dor = [* V()25 (@(0), ) do, B-as
(e) limy— o0 f:(CJQ Un(0), Patp) do = f:(C’?ﬂ(o),w> do, P-as.

Since @y — @ in C([0,T]; H) and un,(t) € M for every ¢ € [0,T7], we infer that

a(t)y e M, telo,T). (27)
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Convergence

The choice of Z7 allows to deduce that V¢ € H(orV) and s,t € [0,T7:
(a) limyp o0 (@in (t), Puth) = (a(t), 1), P-as.,
(b) limp—oo [*(Alin(0), Putp) do = [!(Au(0), ) do, P-ass.,
(€) limnseo [1(B(in(0), @n(0)), Patp) do = [{(B(i(0),u(0)),¥) do, P-ass.,
(d) limnsoo [ |Viin(0)[22(@n(0), Patp) do = [ |Vi(0)|22(i(0), ) do, P-as.
(e) limy,— oo f:(CJQ Ui (0), Potb) do = f:(C’?ﬂ(o),w> do, P-as.
Since @y — @ in C([0,T]; H) and un,(t) € M for every ¢ € [0,T7], we infer that
a(t) e M, telo,T). (27)

We are close to conclude the proof of Theorem 3. We are just left to deal with the It
integral.
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[t6 integral

Define
mo
Ma(t) =Y / PoCun(s) dW; (s).
j=1"0

M, is a martingale on (2, F,P). Moreover

Min () = un(t) — Potin (0) + /O Po Aun(s) ds + /O PoB(un(s)) ds
t Lo (28)
—/O [Vt (8)]3 2n (s) ds—§Z/0 (PaCj)un(s) ds
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[t6 integral

Define

t) = Z./o P,Cjun(s) dW;(s).

M, is a martingale on (2, F,P). Moreover

My (t) = un(t) — Poun (0 / P Aun(s d8—|—/ P, B(un(s

¢ (28)
_ / [Vt (5)|32un (s) ds — 5 Z/ (PnC;)2un(s) ds
0 = Jo
The equation (28) can also be used on (€, F, ¥, P) to define a process My, i.e.
M, (t) = Gin (t) — / P, Atin(s ds—i—/ P, B(tn(s))ds
(29)

7/0 [Viin (5)|321n (s) ds — 2;/0 (PnCj)*tin(s) ds
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Martingale representation theorem

Using the earlier convergence results and a priori estimates (25), (26), we can prove that
t t
M, (t) — M(t) == a(t) — a(0) + / At(s)ds + / B(u(s)) ds
0 0
/ |Vi(s)|721(s) S,,z/ C2a(s) ds. (30)

From equality (30) one can deduce that
(i) M is F—martingale.
(i) Cov(M,) — Cov(M) = Sy fot Ciii(s) (Csi(s))™ ds.
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Martingale representation theorem

Using the earlier convergence results and a priori estimates (25), (26), we can prove that
t t
M, (t) — M(t) == a(t) — a(0) + / At(s)ds + / B(u(s)) ds
0 0
t
- / |Via(s)|32a(s) ds — = Z/ C2a(s) ds. (30)
0

From equality (30) one can deduce that

(i) M is F—martingale.

(i) Cov(M,) — Cov(M) = Sy fot Ciii(s) (Csi(s))™ ds.
This allows to use the martingale representation theorem to deduce that there exists a
bigger probability space (2, F,F,P) and a Wiener process W on the same probability
space such that

M(t):/ ZC’]u )V (s).
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Martingale representation theorem

Using the earlier convergence results and a priori estimates (25), (26), we can prove that
t t
M, (t) — M(t) == a(t) — a(0) + / At(s)ds + / B(u(s)) ds
0 0
t
- / |Via(s)|32a(s) ds — = Z/ C2a(s) ds. (30)
0

From equality (30) one can deduce that

(i) M is F—martingale.

(i) Cov(M,) — Cov(M) = Sy fot Ciii(s) (Csi(s))™ ds.
This allows to use the martingale representation theorem to deduce that there exists a
bigger probability space (2, F,F,P) and a Wiener process W on the same probability
space such that

M(t):/ ZC’]u )V (s).

Hence we proved Theorem 3.
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Pathwise Uniqueness

Pathwise Uniqueness holds for the the stochastic constrained NSEs (18).

Theorem 8

The stochastic constrained NSEs (18) have a unique strong solution for each
uo € VN M. Moreover, the paths of this solution belong to the space Xt for all T > 0.
In particular, the paths are V-valued continuous (strongly and not only weakly).
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