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Motivation

Theorem: (Hambly, Lyons, Geng, Yang, B.) If
Sig(Xlp,77) = Sig(Xljo,77),

then for all smooth V,

dYt = V( Yt)dXt, YO =Yy
df/t = V( {/t)d)h‘(t? \70 =Yy

we have Y7 = Yr.

Applicaion: Chinese handwriting recognition.
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]
Hambly-Lyons Theorem : X € C!, X’ #0,
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T t1
lim sup ||n!/ . / dXy, ® ... ® dth||% = length(X|o, 71,
0 0

n—oo

m Non-commutativity of ® important!
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Lower bound for iterated integrals

m Let (M;)2_, be constant matrices such that

d

sup 1> Mixiyl <1, voll <1,
Ix[I<L,0ylI<1 7255

d
and  dY) =\ ZM-WdXt", then

log || Y3
lim sup log | Y7l < I|msupH"'/ / de1®---®dthH%
A oo A n—o0
.
My |"I'W'* J‘v |
A" ELE
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Iterated
e e m Hambly-Lyons considers “Hyperbolic development™
e large
noise limit of

EE 0 ... 0 dx} 0
Horatio
Boedihardjo . . .
B avp=x| = 0 VA o=
0 ... 0 dX¢ 0
dxt* ... dxg¢ o 1
Problem and A
Bt m Dynamical system argument —-
length(X|[0,77)
| Y2
= Iimsupw
A—00 A
T t1 1
< |imsup||n!/ / dXy @ ... @ dXy, |7
n— o0 0 0
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m Generally, if X is a p-rough path, (M;)¢_; constant

matrices,
d

AY2 =AY MvRdx]
i=1

Problem and
literature

d
review 1Yo <1, sup > Mix'y|[ <1
Iel<tivi<t =

IO Y)\ T t1
|imsupg|)|\pTH§|imsup||n!/ / dth...dthH%.
0 0

A—ro0 n—oco P
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The Brownian motion case

et m Question: What about Brownian motion?

integrals and

noti:: Iliz:r:}gteof u If

: 0 ... 0 odB} 0
avp=a = 0y o |
0 ... 0 odB¢ 0
odB' ... odBf 0O 1

then

e case O (d — 1)T 1 Iog HY%H
n T t1 2
< IimsupH!/ / odBy, ... 0dBy, ||
n—oo = 2 0 0

m Key step: Use martingale method to find for u < 0
E( Y3).
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d
dY? = —AX}) edBi, Vg =1
i=1
d .
dX} = MY edBi, X3 =0.
i=1
The case of then
Brownian
motion I X}\ Y)\
2 A
S ||msup|||/ / .dBtl . ®.dBt’_’||%
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SDEs Theorem:

Horatio. For Stratonovitch iterated integral, a.s.
d—1
TT <lim sup H odBt1® .®odB, H
and for Ito,

The case of

motion gT<I|msup|| / / / «dBy, @ ... odBy 1.

Question: What about upper bound?
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i1ye50n
; in 2 5ndnTn
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|imsup||2!/ / / °dB;, ®...®edBy,||n <*T
n 0 0 0

T th to 1 52
|imsupHn!/ / / odBt1®...®odBt"H2 < ——d2T
n 2 Jo Jo 0
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Estimating the iterated integrals

Theorem:
For Stratonovitch iterated integral, a.s.
d . 1 T th t
—T < |imsup]|n!/ / / OdBtl®-"®odBth%
2 n 2 0 0 0
152
< Z=d’T
- 222
and for Ito,
dT T tn to
— < |imsup||n!/ / / .dBt1®-"®.dBtn||%
2 n 2 0 0 0
d2
< —T.
- 2

m Question: |s the limsup in fact deterministic?
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One dimensional case: e=Itd,

t th to 1
|imsupy(’2’)!/ / / dBy e...edB, |7 = ot
n 0o JO 0

o=Stratonovitch,

Th £ n £t f2 2
The case o Iimsup\()!/ / / By o... 0dBy|Z = 0.
motion n 2 0 0 0

m Question: limsup still deterministic for high dimensions?

H
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Theorem: (B. and X. Geng)

Let B; be a d-dim Brownian motion Then there exists deter-
ministic C < oo, a.s. for all t

The case of

lim sup H / / / odBy ®...® OdBtn||% = Ct.
Brownian

motion Also true for 1t6 integrals, and adding any bounded drift to B;.
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m As A(s, t) < A(s,u) + A(u, t),

2m—1 ..
. 1 i +1

The case of m .
. i=0
Brownian

motion

m {27A(5, )12 are iid = R.H.S.is E[A(0,1)].

A(0,1) <E(A(0,1)) = A(0,1) deterministic.
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mls

n t th 51 b
w(s’ t):|imsup||(p)!/ / / dXt1®...®dth||E

a more natural notion of “length” for rough paths?

m Generalise length and quadratic variation;

General rough
paths

m Advantages over p-variation:

m Additive: w(s, u) + w(u,t) = w(s,t);
m Ignore “tree-like" path;
m Cass-Litterer-Lyons integrability estimates.
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X =exp((t —s)(P1+P2+...+ Pp))

where P; are Lie polynomial degree J,

||msupH // / dXy ® ... ®dXq, |7 < [|Pull.

wivilslll  Open problem: Lower bound
paths
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