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Photonic crystals: Problem Formulation
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VxE:—uE, VxH:eE,
V- (eE) =0, V.-H=0,

e = ecoxo(x) + e1x1(x), €0 #€e1, p constant (u=1)

E = E(x1, %) exp (i(kxs + wt)), H = H(x1, x2) exp (i(kxs + wt))
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k=0

If k=0 then
—AE;(x) = e(x)w2E3(x)7 x € R?,

—Ve(x)'VHs(x) = w’Hs(x), x € R
We have spectral problem for

A[E3, H3] = /2 |VEs|” + e(x) |V Hs|dx
R

and
B[Es, Hs] = /2 ((¥)|Es? + |Hs[2dx.
R
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k=0, problem for Hs3

Gaps due to high-contrast
A.Figotin, P. Kuchment 1993, R.Hempel, K Lienau 2000, V. Zhikov, 2000 and many
others.
Spectral problem for

a[u]:/ |Vu|2dx+ t2/ |Vu\2dx,
Q I+

and
2
b[u] :/ |u|”dx.
RrR2

Gaps appear as t — co. Hight-contrast.
No high contrast in €(x), u(x) for Photonic Crystal Fibers.

Gaps are not expected unless €1 << €3 or €2 << €;.
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k=0, problem for Hs3

Gaps due to high-contrast
R.Hempel, K Lienau 2000, V. Zhikov, 2000 and many others.
Spectral problem for

a[u]:/ |Vu|2dx+t2/ |Vu\2dx7
Qo Q

and
2
b[u]:/ |u2dx.
R2

Gaps appear as t — co. Hight-contrast.
No high contrast in €(x), u(x) for Photonic Crystal Fibers.

Gaps are not expected unless €1 << €3 or €2 << €3 for k = 0.
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Figure: From J.M.Pottage, D.M.Bird, T.D.Hedley, T.A.Birks, J.C.Knight and P.St.J. Russell,
Optics Express, 2003

llia Kamotski UCL [60pt] Joint with Shane Co n the gaps in spectrum of the M a as July 13, 2016 7 /24



Maxwell equations for plane waves in PCF, Oblique incidence (Case of

PCF): k #0

000 0000
Q00 0000
O 00 0000
000 0000
000 0000

In each phase E3 and Hs satisfy the following equations
AE; 4 (W — K)E3 =0, AHs+ (Wer —kK*)H3 =0 in

AE; + (wPeo — kK*)E3 =0, AHs + (wPeo — kK*)Hs =0 in Qo
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Maxwell equations for plane waves in PCF, Oblique incidence (Case of

PCF): k #0

000 0000
Q00 0000
O 00 0000
000 0000
000 0000

In each phase E3 and Hs satisfy the following equations
AE; 4 (W — K)E3 =0, AHs+ (Wer —kK*)H3 =0 in

AE; + (wPeo — kK*)E3 =0, AHs + (wPeo — kK*)Hs =0 in Qo
E3 and Hs coupled across interface ' = 9Qp:
w [fva : n] =k [lvm : nJ‘} , k [lva : nJ‘] —w [lvm : n]
a a a a

where a = w?e(x) — k? discontinuous on T.
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Weak formulation

01 (%3153) +0a (%8253) + 0 <532H3) — 0 (501H3> = —weks,

k k
-0 <*5253) + O (*81E3> + 01 (831/‘/3) + 0 (w32H3) = —wHs,
a a a a

where a(x) = w?e(x) — k%
Find u = (Es, H3) such that

/ %(eVUl-Vm + V- V) + g ({v2, 01} — {1, 42}) dx
RrR2
:w/ eurgr + gz dx Vo € G°(R?)
R2

{f,g} = fogx — fa 8-
The above form is symmetric, and positive if k%> < w?® min{eo, €1}.
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Oblique incidence: k = wk

If Kk =wk, k > 0 then we have usual spectral problem: Find u such that
/ #(E(X)Vul V1 +Vu - Vo )-‘r—
r2 €(x) — K?

+/ m({uz,@} {u, ¢2}) x:wZ/ e(x)urd1 + gy dx,
2 - R2

Vo € GO (R?).

The above form is symmetric, and positive if k* < min{eo, €1 }.
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Anti-resonant reflecting optical waveguide (ARROW)

Assume €y > €1 = 1.
Spectral problem

Ax(u, d) = AB(u, ), Vo € C5°(R?),

A = (e0 — KA.

-1
Adl] ;:/ w2 Lioup + 6°”|vu|2dx+/ €0 Ven? + |V us Pdx
0 1—-k 1+k %

where
|8u|2 =[O tn + Oy U2|2 + O u1 — Ox u2|2
Scalar product is
Bl[u] :=/ |u|2dx+/ eo|un|® + |u2)dx
931 Qo

If kK < 1:then A, is positive.
If K — 1 then there is high contrast.
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Floquet-Bloch decomposition

Periodicity. Floquet transform
x = (x,0),x € O=[-m 7,0 € [-1/2,1/2)°.
Find u € H3(O) ( u(y) = €?*v(x), v O-periodic) such that
Ar(u,0) = AB(u,¢), V¢ € Hy(D).

Spectrum:

OS)\l(K,O)S)\Q(K,O)SS)\n(K,G)S
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Behaviour of spectra near k = 1

Theorem

'ilgl An(r, 0) = A\ (6).

Here \,(0) are eigenvalues of the problem:
Find A and u € Vy = {u € H3(O) : Gu =0 in @1} such that

B(U, ¢) = )\A(U,(Jb), V¢ S V@a

where
Alu] == / eo| Vun|* + |[Vus|*dx,
o
and
Blu] ::/ |ul>dx + (eo — 1)/ |1 | dx.
m Q
Lemma

There exists a constant ¢ > 0 such that for any u € Hy(O) there is v € Vi such that
lu = vlim@) < clldully(q-
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Limit problem, k =1

Find A€ Cand u € Vp = {u € Hj(D): du=0in Q:} such that
B(u7 ¢) = AA(U7¢)7 V¢ S V97

where
Ali] ::/ VP + (co — 1)[Vun Pdx,
]

and

B[u] ::/ |u|2dx—|—(eo—1)/ s [2kx.
O Qo

What can we say about \,(6)?
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Limit problem, x = 1, First gap

Let
Bs :={x:|x| <} C Qo.

Theorem

=il
Xa(60) < 8eod ™2 (1 +41n %) :

A3(0) > €5 A2(Qo),

where /\Q(Qo) is 2nd eigenvalue of Neumann Laplacian in Qo.

Corollary

If 8¢5 < A2(Q0)6° (1 +4In %), then there is a gap.
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Limit problem, k =1

Find A€ Cand ue€ Vo = {uc Hj(O): 0u=0in Q} such that

where
Alu] == / [Vul? 4 (e0 — 1)| V[ dx,
o

and

Blu] ::/ |u>dx + (e0 — 1)/ | dx.
O Qo
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Toy problem

Find A€ Cand u € Vg = {u € Hj(O) : u=0in@} such that
B(U,(ﬁ):)\A(U,(j)), v¢€ V@a

where

Alu] ::/ |Vul?dx,
m

Bl[u] ::/D\u|2dx.

and
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Potentials

Let @ # 0. Then for any u € Hz(0) there is f € L,(0) such that

u= 00, f,

(O O
-(5 %)
Then constrain u = 0 inQy is equivalent to f =0 inQ1.
Problem. X € C and f € L»(0),supp f C Qo such that

a(f,¢) = Ab(u,¢), V¢ € Lr(O),supp¢ C Qo

where

where

a(f, o) = (f, ) ::/DfadX: o fddx,

and
b[f] := 7/ A, fdx.
Qo
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"Small inclusions”

Assume Qo C Bs = {x : |x| < 6},6 < .
Find A € C and f € L»(Qo) such that

a(f,¢) = Ab(f,¢), V¢ € L2(Qo),
where
a(f,f):=(f,f), b(f,f):= (=D *F,F).
Aim is to "replace” —A;lf by —A_lf, where

(A7) (x) = _%/Q In|x — y|f(y)dy.

(—A7')(x) = (A F)(x) + / go(%,y)F(y)dy.

Qo

Then
2

(DG f) ~ (=AY, ) + g6(0,0)

/QO f(y)dy
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"Small” inclusions

Lemma
Let f € Ly(O), suppf C Bs and § < w. Then

(80) 7, F) = (~8) ', F) — g |, D] < 2 (=272, 7) + g0 45, 1))

where gy = go(0,0) > (27) ' In .

Problem 1. Find A®Y) € C and f € L»(Qo) such that

aD(f,0) = \DbO(F,6), Vo € Lo(Qu),

where
aO(f, f) = (f,f), BI(F, )= (A, f)+go|(f, 1)

—1 -1
AL (1 + 35) < Ap < AW <1 - E)

o m
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"Small” inclusions, rescaling

Consider Qo = 652, where Q C B;. After rescaling x = dy we obtain the following
problem.
Problem 2. Find A® € C and f € L»(Q) such that

Of,¢) = \DbP(F,0), Vo € La(Q),

where
ad(f, ) Fl2dy, bP(f,f): fA Led 27) n 6 fd
( \Iy, ( ly + (—(2m)” n+ga y|
and
1) _ 5—2>\£’2).
Here

=—(27) 'Iné + g

is a big positive parameter.
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Small inclusions, second approximation

Consider representation
f(y) = a+h(y),
where o € C and h € L»(Q), [, hdy = 0.
Problem 3. Find A®) € C and a € C, h € L»(Q), [, hdy = 0 such that

a®(a, b, B,9) = \b¥(a, b, B,0), Vo =B+ € L(Q), / Pdy =0,
Q
where
Ola, ] = Q) + / \b2dy, B[] = — / (@ T HA " (a + h)dy + v,

and
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Small inclusions, second approximation

Problem 4. Find \*) € C and a € C, h € L»(Q), [, hdy = 0 such that
a(a, h,B,0) = AW (o, b, B,9), Vo € La(Q),
where

aa, h] = \a|2|9|+/ |h2dy, b“[a, h] == —/EA—lhdy+y|a|2|Q\2,
Q Q

and
1

1 —
)\5,4) (1 + cufl/z) < )\5,3) < /\574) (1 — cyfl/z) .

Finally
MY = 27)Q 7 (27gs — In6) 7,

and )\24), /\§4), .. are eigenvalues of the problem for
a®[H] ::/|h|2dy, bO)[h] = f/mflhdy,
Q Q

with domain h € [»(), [, hdy = 0.
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Back to PCF

We have similar results for PCF.
M2(0) =02 (2mge —In8) P Aro + O(5 2 (2mge — In ) /?),
where A1 > are some positive numbers, and
Mn(0) = A, + O(67 2 (2rgs — In6)?), n=3,4..,

where A3, A4, ... are the eigenvalues of operator generated by quadratic forms
a[f] ::/ |f|dx 4 (eo — 1)/ fgrad divA ™ fdx,
Qo Qo

and

b[f] := / FA Mdx + (0 —1) divA*lfdivAe_lfdx.
Qo Qo

with domain f € Lz(Qo),fQo fdx = 0.

Thank you
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