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Introduction

Prototype model: periodic Nonlinear Schrédinger equation (PNLS)

iU+ Au-Vx)u-oc(X)uPu=0, xeR%teR
V.o € Ly ((0,27)%,R)

Overall aim: coherent (solitary) localized pulses propagating across periodic structures
- not only for infinitesimal contrast!
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(here only d =1)
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Introduction
Linear Waves, Band Structure

@ simple example: 1D Schrédinger-Eq.
0+ 2u—-V(x)u=0, xeR, V(x+2r1)=V(x)

Band-Structure

bounded solutions: 2
Bloch-Waves (X, t; k) = pa(x, k)e®—enk)D) t I
3
where  pn(x + 27, k) = pa(x, k), k € (=1/2,1/2], «jX
~(0x + iK)2Pn + V(X)Pn = wn(K)pn S N
V(x) = 12 +02(coz(x)+35|:(3x))
@ Bloch waves propagate at the group velocity vy(k) = w/,(k)

@ w),(k) # 0 if wy(k) € int(spec(-82 + V))
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Introduction Wavepackets with one Carrier Bloch Wave ~» NLS asymptotics

Wavepackets with one carrier Bloch wave: NLS asymptotics

i0u+0cu—V(x)u-oc(X)uPu=0, xeRteR (PNLS)

@ modulated nearly linear wavepackets = carrier Bloch wave modulated by a small
localized slowly varying envelope

formal ansatz: (for vy, (ko) # 0) 2

2
18

(x, 1) ~ VEA(VE(X — Vo). ety (X, o) = UPP(x, 1) (5 0) el M2

14

. , 12f e~ ]
with Vg = w,,o(ko), Wy = w,,o(ko) i J
effective equation: (T := &f, X := ve(x — vgt))

i07TA + ! —w! (k0)62 A+yAPA=0, (NLS)

2

where y = =Il/n, (- ko)ll}s .
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Introduction Wavepackets with one Carrier Bloch Wave ~» NLS asymptotics

NLS asymptotics - rigorous results

Theorem (Pelinovsky, 2011)

Let V € Cper([0, 27],R). If A € C([0, T], H8(R)) solves NLS, then e, > 0 such that for all
€ € (0, &) the solution u of PNLS with u(x,0) = u®”(x,0) satisfies
ue C([0, T/e], H'(R)) and

sup [lu(, 1) = PP, )ll gy < Ce¥.
te[0,T/e]

@ periodic nonlinear wave equation
U= x1(x)0%u - yo(x)u—xs(x)u®, xeR,teR (PNLW)

Theorem (Busch, Schneider, Tkeshelashvili, Uecker, 2006)

Let x; be smooth and 2n—periodic, x1, 2 > 0, and assume the non-resonance condition
lwn(jko) — jwny (ko) > 6 >0 forallneZ,je {+1,£3},(n,j) # £(no, 1).

If Ae C([0, T], H3(R)) solves NLS, then ey > 0 such that for all e € (0, &y) the solution
u of PNLW with u(x,0) = u®®(x,0) satisfies u € C([0, T/e], H'(R)) and

sup [lu(-,t) = (UPP(- 1) + C.C)ll1 (g < Ce¥*.
te[0.T /€]
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Introduction Wavepackets with one Carrier Bloch Wave ~» NLS asymptotics

NLS asymptotics - velocity considerations

@ NLS asymptotics of [Pelinovsky 2011, Busch et al, 2006]:

22
2

18

315l Wno(K) thoy o)
14

12} e ]

1

28
Ed
A

e Varying Ko and no, one sweeps a range of vy = wj, (ko) but each at a different
frequency wg = wny (ko).
@ our aim:
o family of wavepackets parametrized by velocity at a fixed frequency
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Introduction Wavepackets with two Carrier Bloch Waves ~» Dirac Asymptotics

Dirac Asymptotics in 1D PNLS

0+ Ru—(V(X) +sW((x))u—-oluPu=0, xeR (1D PNLS)
with V(x + 2r) = V(x), £ > 0 and W periodic
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Introduction Wavepackets with two Carrier Bloch Waves ~» Dirac Asymptotics

Dirac Asymptotics in 1D PNLS

0+ 2u— (V(x) +eW(x))u-oluPu=0, xeR (1D PNLS)
with V(x + 27) = V(x), £ > 0 and W periodic

Idea: wavepacket about two counter-propagating Bloch- -
waves :
i — 3, L (—Forwo) (Ko, wo)
Pro (X, iko)el(ikox wot)’ 12 "
i iti /\
which have group velocities +v, = w, (+ko) “jl 0 1
2 k 3

ansatz:

u(x, t) ~ \/E[A+(sx,st)p,,0 (x, ko)€"* + A_(ex, et)pn, (X, —ko)e’”‘ox] gieol = PP(x, 1)
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Introduction Wavepackets with two Carrier Bloch Waves ~» Dirac Asymptotics

Dirac Asymptotics in 1D PNLS

0+ 2u— (V(x) +eW(x))u-oluPu=0, xeR (1D PNLS)
with V(x + 27) = V(x), £ > 0 and W periodic

Idea: wavepacket about two counter-propagating Bloch- 22
waves s
3, .| (~ko,wo) (Ko, wo)
P (X, ko) €(hox=00), Tl
. /\
which have group velocities +v, = ), (+ko) "

1 0 1
Z k 3

ansatz:
u(x, t) ~ \/E[A+(ax,st)p,,0(x, ko) €0% + A_(ex, et) P, (X, —ko)e’”‘ox] gieol = PP(x, 1)

effective equations: (X = ex, T = &t)
i(07 + vgOx) As + kA- + a(JALP + 21A_P)A, + BRIALP +1AP)A. + BAEA +yAA. =0

i(97 = Vg0x) A + kA, + a(IAP + 21AP)A. + B(2IAP + A P)A, + BAA, +7A2A- =0
(CME)
= —1Png (> ko)||L4 0zn B= (1P (- K0 )PPy (+ =Ko ). Pry (- Ko)),

= ~(Ppy (++ —Ko)2Pn (- ko). Py (- ko)),
k= ~(Wi(-)Pno (s =Ko ), Pro (* ko)) 12(0,), @nd Wi (x) =(2x-)periodic part of e 2hxX W(x)
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Introduction Wavepackets with two Carrier Bloch Waves ~» Dirac Asymptotics

ture on CME

@ (CME) have for vy, k,a # 0,8 =y = 0 explicit solitary waves with v e (-vg, v4)
[Aceves, Wabnitz, 1989]

Ay, 1) = f(y — vi)@=U7) ve (—vg vy)

with f. and 0. real, f.(£¢) « sech(a¢),a> 0
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Introduction Wavepackets with two Carrier Bloch Waves ~» Dirac Asymptotics

Literature on CME

@ (CME) have for vy, k,a # 0,8 =y = 0 explicit solitary waves with v e (-vg, v4)
[Aceves, Wabnitz, 1989]

Ay, 7) = fu(y — vr)€*U7), v e (—vg, vp)
with f. and 0. real, f.(£¢) « sech(a¢),a> 0

= uapp(X t Z f, (S(X vt))e“’* ex.et) gi(zkox-wot)

@ range of velocities v € (-vg, vy) at one frequency wy
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Introduction Wavepackets with two Carrier Bloch Waves ~» Dirac Asymptotics

Literature on CME

@ (CME) have for vy, k,a # 0,8 =y = 0 explicit solitary waves with v e (-vg, v4)
[Aceves, Wabnitz, 1989]

Ay, 7) = fu(y — vr)€*U7), v e (—vg, vp)
with f. and 0. real, f.(£¢) « sech(a¢),a> 0

= uapp(X t Z f, (S(X vt))e“’* ex.et) gi(zkox-wot)

@ range of velocities v € (-vg, vy) at one frequency wy

@ rigorous justification of CME for V = 0, W(x) = cos(2kox)
[Schneider, Uecker, 2001], [Goodman, Weinstein, Holmes, 2001], [Pelinovsky, 2011]

U, 1) = u™P (- Dllgogey < Ce*/2 for t € [0, To/e]
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Coupled mode asymptotics in finite contrast: rigorous result

Theorem (D., Helfmeier 20

Let V,0 € Cper([0,27],R), W(X) = 3 mene ame""%rx +c.c., am=0ifm> M and let

ko € (0,1/2]. If A, € C'([0, To], LI(R) N L2(R)), and (A, A_) solves CME, then e, > 0
such that for all € € (0, &y) the solution u of PNLS with u(x,0) = u®%”(x,0) satisfies

u e C([0, To/e], CJ(R)), u(x,t) — O for |x| — co and

sup lu(-, t) = u™P(-, )llgoey < Cs%2,
te[0,To /€] b

v

(1Al 5y = J2 JACK)I(1 + IKI) k)
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof Preparations

Approach: formulation of the equation and ansatz in Bloch variables ~» infinite
dimensional ODE system

@ Bloch transformation

u(x, 1) f Un(k, )pn(x, k)€ dk, Un(k,t) = f u(x, H)pa(x, k) e ™ dx
R2

neN
is an isomorphism between H%(R?) and /2(N, L2(B)) for s > 0
@ unfortunately L?-spaces not suitable as ||f(&-)ll;2z) = & "?IIf(-)ll 2(z) (e-powers lost)
@ instead: use L' and the fact

ue CYR), lu(x)l < cllUlx),

(. —n 1
U, t) e X(s) :=(N,L'(B)),s>1/2 = U(x) = 0 8 [x| - o0
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof of Theorem (for W(x) := cos(2kpx))

@ Bloch mode expansion u(x, t) = Y e fB Un(k, t)pa(x, k) e dx
PNLS <&
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof of Theorem (for W(x) := cos(2kpx))

@ Bloch mode expansion u(x, t) = Y e fB Un(k, t)pa(x, k) e dx
PNLS <&

i0,0(k) - (k) U(k) — &(M* (k) U(k + 2ko) + M~ (k) U(k — 2k,)) + N(0)(k) =

Qy(k) = oyjwy(k).  Ni(O) = ~(@(-)(@#s Uz B)(- K, 1), pi (- )
U(x. k. t) = Znear Un(K. 1)Pn(X. k)
@ uP(x,t) = \/E[A+(sx, et)Pny (X, ko) €% + A_(ex, £t)Pp, (x,—ko)e*i“ox] giwot

o Bloch coefficients of u®*:
Ur?pp(k’ t)= g2 N Ai(%»d)@no (- =ko), pn(-, k)>1_2(07d), neN

@ modified/extended ansatz
U (k. t) = (672 A (50 ) + Ay s (0 ) suPP(A/(-=1)
. ) 12 ~1/2
" 8_1/2;‘_1(k+k0 &) +81/2A71.73(k+(‘3k0’gt))e—iumt e 112]

U(k 1) =2 > Api(*22,et)e™!,  neN\ (no)

jefx1,+£3)

cl-¢
supp(A;;(- t))
c[-3s71/2,3s71/2]
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof of Theorem (for W(x) := cos(2kpx))

@ Bloch mode expansion u(x, t) = Y e fB Un(k, t)pa(x, k) e dx
PNLS <&

i0,0(k) - (k) U(k) — &(M* (k) U(k + 2ko) + M~ (k) U(k — 2k,)) + N(0)(k) =

Qy(k) = oyjwy(k).  Ni(O) = ~(@(-)(@#s Uz B)(- K, 1), pi (- )
U(x. k. t) = Znear Un(K. 1)Pn(X. k)
@ uP(x,t) = \/E[A+(sx, et)Pny (X, ko) €% + A_(ex, £t)Pp, (x,—ko)e*i“ox] giwot

o Bloch coefficients of u®*:
Ur?pp(k’ t)= g2 N Ai(%»d)@no (- =ko), pn(-, k)>1_2(07d), neN

@ modified/extended ansatz
U (K, 1) == (s Ay (520, 8t) + £12 Ay o (20 ot Squ(ﬁ":"fg;
+ 8‘1/2/2\_1(m et) + 81/2/’4,1_,3(@,8”) g it ]

U(k 1) =2 > Api(*22,et)e™!,  neN\ (no)

Jjelx1,+3}
Uo,ext g2 (12\1(k ko )Jr A 1(k+ko

cl-¢
supp(A;;(- t))
c[-3s71/2,3s71/2]

) e—iwoteno
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof cont.

@ residual at n = ng, k € [ko — 3&"/2, ko + 3&'/?]
Resn, (k. t) =&"/2|(i07 — £ (wny (k) = w0)) A1 (K, T) + M*(K)A (K, T)
+871/2)([;(0,351/2,k0+351/2](k)Nn0(UO’EXI)(k, t)] e“! 4+ h.ot.

o note: wpy (k) - wo = "2 vg(ko) + O((k — k)?) = eKg(ko) + O(e?), K =

& &
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Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof cont.

@ residual at n = ng, k € [ko — 3&"/2, ko + 3&'/?]
Resn, (k. t) =&"/2|(i07 — £ (wny (k) = w0)) A1 (K, T) + M*(K)A (K, T)
+871/2)([;(0,351/2,k0+351/2](k)Nn0(UO’EXI)(k, t)] e“! 4+ h.ot.

o note: wpy (k) — wo = £X2 vy (ko) + O((k - ko)?) = sKvg(ko) + O(s%), K = “to
@ Choosing

Au(K. T) = xpe12 012 (K)AL(K, T)
A,i(K, T) := ...(explicit functions of A, (K, T),A_(K, T))

leads to .
IRes(-, t)llx(s) < Crese™? forall t € [0, Toe™ "], 5 < 1

if (Ay,A_) solves CME and A, € C'([0, To], LL(R)).

T. Dohnal and L. Helfmeier (TU Dortmund) Dirac Asymptotics in Periodic Media 2016-7-15



Dirac Asymptotics for Periodic NLS with Finite Contrast Approximation Result

Proof cont.

e error: R:= U- U
t
IRC, Dllxs < ¢ f ellR( llxs) + & 2IAC ) + IAC, DI + %2 Cresalt
0

@ Gronwall inequality = Supyo .17, IR(- t)llxs) < Ce¥2if s < 1

o difference between U#? and U
-for AL(-, T) € L3(R) N L3(R) is

|UP(-, T) = U(-, T)lixes) < ce%?
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Dirac Asymptotics for Periodic NLS with Finite Contrast Spectral Gap in the Asymptotic Model and the Original Model

Do the asymptotics generate a traveling pulse?

@ general CME
i(07 + vg0x) A + KA- + a(IAL P + 2AP)A, +BRIALP +IAP)A. +BAZA_ +yAA =0
i(07 - vg0x) A- + %A, + a(IAP + 21A, P)A- + BRIAP + 1A P)A, +BAPA, + A2 A_ =0

Question:
@ Do solitary wave solutions of CME exist?
o special case: standing waves (A, ,A_)(X, T) = e77(B,, B_)(X) with B+ € L?(R)
- need A € R outside the spectrum of (iv-"f" 7”;3)()
o dispersion relation for CME:  12(K) = I« + vGK?, K € R
= spectral gap (—l«l, x]) in CME
= exp-localized profiles B+ expected (explicitly known for 8 =y = 0)
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Dirac Asymptotics for Periodic NLS with Finite Contrast Spectral Gap in the Asymptotic Model and the Original Model

Does a spectral gap in CME imply a spectral gap in PNLS?

1) ko €Q: V(x) and &%~ have a common period P = N2r
illoui —(_1 1
~v Brillouin zone Bp = (-3, 35]
= +kp =0mod 7, i.e. double eigenvalue at k = 0
band str. for "ﬁ +coss(x) (kg = 1/3 marked) 0055()() +&cos(2kpx),& = 0.1
@ ®)
1 1 1
Iy 5
wo
\\ \\\195 194 \/
\ AN
i - Sl
;;; T T\ gl T psf—"" ]
I I
I I
| |
| |
Pow
[
I ~l_
| |
| |
o[- | 0 0
bebebo bbb g 0 ; -1 0 i

@ generically: eW with a period commensurable with P generates a gap in
(=02 + V +eW)
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Dirac Asymptotics for Periodic NLS with Finite Contrast Spectral Gap in the Asymptotic Model and the Original Model

Does a spectral gap in CME imply a spectral gap in PNLS?

1) ko €Q: V(x) and &%~ have a common period P = N2r
; ; _ 11
~v Brillouin zone Bp = (-3, 35]
= +kp =0mod 7, i.e. double eigenvalue at k = 0
band str. for "ﬁ +coss(x) (kg = 1/3 marked) 0055()() +&cos(2kpx),& = 0.1
(@ ®)
1 1 1
/A ’
wo
\ BN e \/
. ~.
e - T

;;; T T\ g T T psf—"" ]
I I
I I
| |
| |
P 2%
[ Tkl AT
I I L2l EA

ol | 0 0

“too§ 5oz

1 1
-1 0 B -

1 B
H 0 ¥

@ generically: eW with a period commensurable with P generates a gap in
(=02 + V +eW)
2) ko ¢ Q: no common period of V(x) and e*oX
= two simple eigenvalues for any period N2z, N € N
Does a gap open anyway in o-(—=d% +.V + sW)?
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Dirac Asymptotics for Periodic NLS with Finite Contrast Numerical Example

ction of a GS-approximation

Example:  V(x) = sn?(x,1/2) (period d ~ 3.708)
W(x) = sin(4nx/d), ko = 0, wp ~ 3.42

vy ~ 3.367, k ~ 0.493,
@~0.136, B~i6.48+107, y~ 722107 ;

L
_ =@ 06 -03 0 03 06 =
a ko a

@ localized traveling solutions of CME found by numerical homotopy from CME-gap
solitons of [Aceves, Wabnitz, 1989] in 3,y in the moving frame variable
0=X-wyT, ve(-1,1)

=0 » = 0.5v, =0,
5 v P g 5 + = 0.99¢,
—IA —IAl — A
18 Ty 18 — ’ Y
1 1 L)
Ty
i |
05 05 ’I' W 05
VAR
0 0 -
50 0 20 50 0 50 10 5 0 5 10
¢ [ &

17/20
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Dirac Asymptotics for Periodic NLS with Finite Contrast

Numerical Example

GS-approximation and the numerical solution
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Dirac Asymptotics for Periodic NLS with Finite Contrast

GS-approximation and the numerical solution

Numerical Example

e =0.025

v=05v v=099v
02 0.2 4 0.08 =
0.15 0.15 0.06
ERLA =01 004
0.05 005 0.02
0
Ao o0 0 oo 2000 1500 1000 -500 0 500 1000 1500 200 360, 0 500
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-2000 -1000 0 1000 2000
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Dirac Asymptotics for Periodic NLS with Finite Contrast Numerical Example

GS-approximation and the numerical solution

e =0.025

v=05v v=099v
02 0.2 4 0.08 =
0.15 0.15 0.06
ERLA =01 004
0.05 005 0.02
0
Ao o0 0 oo 2000 1500 1000 -500 0 500 1000 1500 200 360, 0 500
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© 003t ,
0.02¢ i
0.01r B
ol . . . . .
-1500 -1000 -500 0 500 1000 1500
T

T. Dohnal and L. Helfmeier (TU Dortmund) Dirac Asymptotics in Periodic Media



Dirac Asymptotics for Periodic NLS with Finite Contrast

Numerical Example

GS-approximation and the numerical solution

2 =0
10'2}
o (s e™) = uo(y=7 )l
7051.39
10°
107 10"
£

2 =05
104
o fla(,e™) = wo(y5 7)o
65145
10°
107 10"
g

e =099

|

o a7 = un( e lles
— 14

107

-1

10
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Future work

Future work

@ generalization to higher spatial dimensions:
i0u+ Au— (V(x) + eW(x)) —o(x)lufu=0,x eR", V,W,o periodic

Aim: family of pulses traveling at an arbitrary direction in R”

o Idea: Wavepacket made of m > n+ 1 Bloch waves, s.t. conv{ v

o U vé'")} contains all
directions in R"

05

l vgl)
m ) .
u(x, ) ~ &2 " Aex, et)en (x, kD)~ >
j=1 (s
%3 [ 05
ki
o effective equations
i(0:A + V) Yy A) + 3 kjnAn+ N(A) =0, y eR". j=1....m

n#j
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