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Actions with prescribed stabilizers

Let a group G act on a CW-complex X (always assume that G,
fixes o € X pointwise). Then X is a G-CW-complex.
Let F be a family of subgroups of G:

e He F = HYe F,geq,
@ He F,K<H — KeckF.

We say that G has stabilizers in F if G, € F for every o € X.

@ F = {1} ~~ free actions.
@ F = {finite subgroups} ~~ proper actions.
@ F = {virtually cyclic subgroups} ~~ ...
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Classifying spaces for families of stabilizers

The category of G-CW-complexes up to equivariant homotopy
equivalence has a terminal object ExG.
A model X for ExG is a classifying space for G with
stabilizers in F and is characterized by

Q@ XH=pt.forHeF,

Q@ X'=0forH< G H¢ZF.

Example
o F={1}: @ & X = pt., @ < free action.
~» X classifying space (for free actions).

e F = {finite subgroups}, G acts properly on a CAT(0)-cell
complex X. Then @ by assumption and @ by
CAT(0)-geometry. ~~ X is a model for ExG.
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Homology

If X is a classifying space (for free actions) then
o= Ho(XB) XM 5 Hy (XM X)) o5 Hy(X©O) - 7

is a free resolution of the ZG-module Z.
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Homology

If X is a classifying space with stabilizers in F then
o= Ho(X®) XDy 5 Hy (x| Xy & Hy(x©) — z

is a free resolution of the O G-module Z.

Here OxG is the small category with objects G/H,H € F
and morphisms G/H — G/K9,H — gK9,g € G,H < K.

A (right) O xG-module is a (contravariant) functor OG — Ab.

® Z: G/H— Z,(G/H = G/K) — (id: Z — 7))
@ Hp(X): G/H — Hn(X")
(G/H S G/K9) — Hp(g ' XK = XH), H< K
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Finiteness properties

G is said to be of type F” if there is a model for ExG whose
n-skeleton is finite modulo the action of G.

G is said to be of type FPZ if there is a projective resolution
(by right O =G-modules) of Z whose first nterms are finitely
generated.

Last slide: F} — FPJ.

Example
Q Gis F1{1} & Gis FP?} & Gis finitely generated.
Q Gis Fz{”’ < Gis finitely presented.

Q Gis F{"™™® & Gis FPL™*} & G has finitely many
conjugacy classes of finite subgroups.
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Essential trivialness

A directed system of OrG-modules (M, ).cp is essentially

trivial if
lim [T [IMa(G/H) =0
& HeF Iy

for any family of index sets /y.

Observation

That (M,,). be essentially trivial is equivalent to either of
@ Yo 38 > a such that M, — Mjg is trivial.
@ Va 38 > aVH € F M,(G/H) — Mg(G/H) is trivial.
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Brown’s criterion

Theorem (Brown ‘87 F = {1}, Fluch-W.)

Let G be a group and let F a family of subgroups. Assume that
G acts on X such that

e Hi(X)=0,0<i<n—1,
e G, is of type FP; S for every p-cell of X.

Let (Xy)aecp be a cqcompact filtration of X. Then G is of type
FP? if and only if (Hi( X))« is essentially trivial for0 < i < n.

v

Note: (Hi(X,))a is essentially trivial if

VaeD 38>a VYHeF Hi(XH = XxH)=0
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Proof sketch 1

Proposition (Bieri-Eckmann '74 F = {1},
Martinez-Pérez—Nucinkis '11)

Let G be a group and F a family of subgroups. These are
equivalent:

Q Gis of type FP),
© for any index sets Iy, H € F the morphism

H7 (G [] []zlG/H.-1) = T] [T H(G.zIG/H,-])

HeF Iy HeF Iy

is an isomorphism for i < n and an epimorphism for i = n.
Q LHS=0in@ for0 < i< nand@ fori=0.
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Proof sketch 2

H(X)=0,j<n

H7 (G, [] zIG/H. -1) = H7 (X, ]| ZIG/H, -])
I’

lim | [ Hi(Xa)(G/H) = lim H (X, [ | ZIG/H, -1)

X, cocompact, G, of type FP; S

= 0 if and only if H;(X,) essentially trivial.
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Generalizations of Abels’s groups

Let v, w € Z"+! be such that
@ (v;); and (w;); are monotonically decreasing,
@ > ,vi>0and) w; <0.

Consider

o . - : [Tid" =1
G=1| - € Gy (Z[1/p)) .
: * Hidi,:1
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Finiteness properties of generalized Abels’s groups

@ The group G acts on a Bruhat-Tits building.
@ Applying Brown'’s criterion:
G is of type F,_1 but not of type Fp.

@ Applying the generalization of Brown’s criterion:
For any chosen 0 < m < non can arrange v, w so that G
to has type F™ but not type e},
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