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Distance-regularity: there are ¢;,a;,b;, ©t = 0,1, ..., d such that for
every pair of vertices u and w at distance 1:

# neighbors z of w at distance ¢ — 1 from u equals ¢;
# neighbors z of w at distance ¢ from w equals a;
# neighbors z of w at distance ¢+ + 1 from u equals b;

Complete graphs, Strongly regular graphs (among which are regular
complete multipartite graphs), Cycles,

Hamming graphs, Johnson graphs, Grassmann graphs, Odd graphs ....

Fon-Der-Flaass (2002) = Almost all distance-regular graphs are not
determined by the spectrum.

cf. EvD & Haemers (2003) ‘would bet’ that almost all graphs are
determined by the spectrum.
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conditions

Theorem. If I' is distance-regular, diameter d, valency k, girth g,

distinct eigenvalues k£ = 6,64, ..

., 04, satisfying one of the following

properties, then every graph cospectral with I' is also distance-regular:

10.

Durham, July 20, 2013

C

g > 2d — 1 (Brouwer&Haemers),

g > 2d — 2 and I' is bipartite (EvD&Haemers),

g>2d—2and cg_1cqg < —(cg_1+1)(01+ ...+ 03) (EvDaHaemers),
Cl —
I' = dodecahedron or icosahedron (Haemers&Spence),

[' = coset graph extended ternary Golay code (evbaHaemers),

[ = lvanov-lvanov-Faradjev graph (evbaHaemersekoolen&Spence),

[' = line graph Petersen graph or line graph Hoffman-Singleton
graph (EvD&Haemers),

[' = Hamming graph H(3,q), ¢ > 306 (Bang&EvD&Koolen),

I' = generalized odd graph (a1 = ... =aq_1 =0, aq # 0)

(Huang&Liu).

oo — Cqg—1 = 1 (EvD&Haemers),
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(2d — 1)-dimensional vector space over GF'(q)

points: (d — 1)-dimensional subspaces
lines: d-dimensional subspaces

Incidence graph is doubled Grassmann
Point and line graph are Grassmann J,(2d — 1,d — 1)

Twist: Fix a hyperplane H
lines: d-dimensional subspaces not contained in H
twisted lines: (d — 2)-dimensional subspaces contained in H

Point graph is again J,(2d —1,d — 1)
Incidence graph is cospectral to doubled Grassmann, but not drg

Line graph is cospectral to J,(2d —1,d — 1)
Spectral excess theorem: line graph is distance-regular!

....but it is UGLY!!!
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Families of ‘ugly’ distance-regular graphs with unbounded diameter:

Doob, Hemmeter, Ustimenko: not distance-transitive.

twisted Grassmann (aka vD-Koolen 2005): not even vertex-transitive.
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