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outline

@ domain-based methods: convergence analysis for hp-FEM
@ discussion of some non-standard FEMs
© BEM for Helmholtz problems
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@ Introduction

Helmholtz problems at large k
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Helmholtz model problem

—Au—Fku = f inQ,
b.c. on 0f),
(radiation condition at 00)

Examples:
@ acoustic scattering problems
@ electromagnetic scattering problems

goals:

o efficient and reliable numerical methods also for large k > 0.
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model problem

Lu:=—-Au—ku = f inQ QcR?bounded,
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Discretization
@ domain-based discretizations ~~ FEM
@ integral equation based discretizations ~» BEM

the discretizations have the abstract form:

find uy € Viy st ag(un,v) =1(v) Yo € Wi

how to choose Vy, Wy, a; for large k7

fundamental issues

@ approximability: approximate u from Vi well:

o standard (polynomial based) approximation
e nonstandard approximation (e.g., info from asymptotics)

o stability: ideally: (asymptotic) quasi-optimality, i.e.,

— < C inf =
o~y | S © ot — ]

with some C' independent of & in a norm || - || of interest
5

BIEs
0000000000000

<6

J.M. Melenk Helmholtz problems at large k

BIEs Intro
00000000000000000000C  OOOe00000000

hp-FEM nonstandard FEM
000000000000 0000O0O00000000O000000000000000000000000

hp-FEM spaces Vy
abstract FEM discretization

given Vy C H'(Q) find uy € Vi s.t.

a(un,v) = 1l(v) Yv € V.

J.M. Melenk
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Bu:=0,u—1iku = 0 on 09.

weak formulation

find u € HY(Q) s.t. a(u,v) = I(v) Vv € HY(Q)

where

a(u,v) = /Vu-Vv—kQ/uv—ik/ uv,
Q Q o0
l(v) = / fu.

Q

Helmholtz problems at large k

o T = triangulation of Q C R? with element maps F
o diam K ~ h forall K € T

o Vv :=SP(T):={uec H(Q)|uo Fx € P}

o N :=dimVy ~ h ¢

7
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dispersion analysis: p.w. linears, uniform mesh discrete dispersion analysis, |

—u" — k?u = f, u(0) =0, u/(1)—1iku(l)=0

Theorem (Babuska & Ihlenburg)
, _, [sin kel O<az<y For the 1D model problem and piecewise polynomial approximation
cont. Green's fct:  G(z,y) =k sin kyeiks y<az<l of degree p > | on a uniform mesh, there holds for kh < m and
solution v € H*1(0,1): l
) 1 sink’z (Asink'y +cosk’y) O0<z<y kh\? h
disc. Green's fct: G =—— _ - -
IS¢ reen s fe n(z,Y) hsink’h |sink'y (Asink’z + cosk’z) y<az<1 e uNHHl(O’l) < Cpy [1+k <2p> ] (2p> |u|HH1(O’1)
— ~~
where pollution  best approximation error

@ A= A(k, k' h) € Cis a constant

@ k' = discrete wave number

conclusion
@ the phase error (“pollution”) is not as pronounced for higher

. . . 6 — 2k%h?
@ dispersion relation cos k'h = cos FEsToN order elements as for lower order elements.
For kh small, we get k'h = kh — L (kh)® + - - and therefore © suggests that "
Fo— k= k302 4 " <ffp> mal
N 24

is an important condition details
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p=2; quarter ring
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@ classical hp-FEM
@ convergence of hp-FEM
o regularity
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stability of the continuous problem
—Au—Fku = f in Q
Ohwu—iku = g on 052

Theorem
Let Q C R?, d € {1,2,3} be a bounded Lipschitz domain. Then

Jullie < CK2 [ fll 2y + 9l 2 o0)]

where
[oll3 5, == ’U’%ﬂ(ﬂ) + k2””“%2(9)

remark
If © is star-shaped with respect to a ball, then

[l

1k < O [IIfll2 (@) + 9l 2 o))

BIEs
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stability analysis of hp-FEM
goals:
@ show that the scale resolution conditions

kh
— small
p

together with p>Clogk

is sufficient to guarantee quasi-optimality of the hp-FEM
@ no uniform meshes (— no discrete Green's function)
@ use only stability of the continuous problem
assumptions:
@ geometry is (piecewise) analytic
@ solution operator f — u grows only polynomially in &k (in a
suitable norm)

techniques:

@ view Helmholtz problems as “H!-elliptic plus compact perturbation”
@ study regularity of suitable adjoint problems

18
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remarks on stability of the continuous problem

@ one option to get a priori estimates is the use of judicious test
functions.

@ For star shaped domains, an interesting test fct is v =2 - Vu
and then clever integration by parts (Rellich identities)

@ here: use estimates for layer potentials

20
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Theorem (quasioptimality of hp-FEM)

Let 02 be analytic. Then there exist c1, ca, C' > 0 independent of
h, p, k s.t. for

— < and p > cologk
p
there holds:

— < C inf —
[|u UNHl,k = vlef%/NHU U“l,k

where ||v||} , = ’U’%ﬂ(ﬂ) + k2”“|’%2(9)-

Remark
o if p = O(logk) then there is no “pollution”

@ choice p ~ logk and h ~ p/k leads to quasioptimality for a
fixed number of points per wavelength

@ generalization to polygonal €2 possible (see below)

v
21
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notation

adjoint solution operator S} :

u* = S (f) solves a(v,u*) = / vf  Yve HYQ)
Q

notation
o k-dependent norm: ||v||%k = ||Vv||%2(m - k2||v||%2(9)

(C¢ indep. of k)

e continuity: |a(u,v)| < C¢l|lull1 kv e

@ adjoint approximation property:

152 f = ll1k

Il 22

sup inf
ferL2(Q) veEVN

NN -

23
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the adjoint problem

a(u,v) = /Vu-V@—kz/uﬂ—ik/ uv.
Q Q Eiy)

adjoint solution operator S}:

u* = S;(f) solves a(v,u*) = / vf  Yve HYQ)
Q

strong formulation:

—Au* — K
Opu™* + iku*

in ,
on 0f).

= f
= 0

22
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o ISES —vlluk 2 2 2,112
ny = sup inf =, vl e = [IVollz2) + K0l 720y
rer2@)veVn [ fll2(e)

Theorem (quasioptimality)
If
2Ccan <1

then the Galerkin-FEM is quasi-optimal and e := u — uy satisfies

<

lelle < 2Ce inf flu=vli,

<

llell L2 () Ce nnllell1k

@ — study adjoint approximation property nxn
@ — need regularity for S

24
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quasioptimality: proof Theorem (k-explicit regularity by decomposition)
— _ L2 3 . .
° a(u,v) = (Vu, Vo) 12(0) = K (u, v) 12(0) — ik(u,0) 1200 Let 92 be analytic. Then u = S}(f) can be written as
J ||U||%,k’ = ||V’U||%2 + k2||’l]||%2 = Re a/(’U,'U) + 2]62”’1]”%2 Garding ineq. U= Ug2 —+ uA,
o ISEf = vllk where for C, v > 0 independent of k:
e ny = sup inf —F——2
feL2 veVN £l 22
: lumzllaz@) < Cliflize@),
@ assumption: Cehny < 1/2 . 2, o .
. . < .
o define 1 by a(-, ) = (- €)1z, i.e. ¥ = Sfe IV UA”L?(Q) < Ck*y"max{n, k} ||f||L2(Q) Vn € Ny )
° ||e|]%2 =a(e, ) = ale, ¥ —Yn) < Cellelliilly — YNk implication for adjoint approximation 7y :
2
o = [lel?2 < Cellellusnnllellz = llell = < Conlellvs e
) e M=ol £ (2 55 ) Il
|le] %Jﬁ = Reale,e) +2k%|e]|72 vESP(Th) 2 @
< Rea( 2k%(Cunn )?le]? : 72 (kR\"
< Rea(e,u —on) + 2k (Conn)~[leli e TS L =g R | F
1 2 h
< Cellelliellu —onllie + 3llellix P
’ = knn small, if kh+k7/2<kh> small
. mall, 11 — — m
— Jlellvx < 2C. inf flu— vl " P op
veVN
25 26
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proof the decomposition result properties of the Newton potential A,
u = Np(f) =Gpxf
u solves — Au—k*u=f inR?
@ analyze the Newton potential, i.e., the full space problem eiklz] d=1
@ analyze the bounded domain case by a fixed point argument Ak N
i (1
Gr(2) = § 1HP (k|l2l) d=2,
cikllzl _
| d=3.
Gi(©) g
k = Cd cqg €ER
Ry
key ingredient of analysis: study the symbol of Ay, i.e., G (&)
27 28
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properties of the Newton potential, |

Theorem
Let uw = Ny(f) and supp f C Bg. Then:

K lull 2 gmy + lullin sy + kllullzzsr) < Cllfllz2sg)

000000000000 O0000O0000C 000000000000

proof: localize the represen. u = G x f and analyze the symbol
o for y € C§°(R?) with x =1 on Bap set

un(@)i= | Gla=p)x(e = )i ) dy = (G *

@ Then: up = u on Br
@ analyze symbol Cj;c\x

o Parseval gives estimates for |[ug||p2(ra), |UR| g1y, [UR|H2

Helmholtz problems at large k J.M. Melenk
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proof

key idea: decomposition u = ug2 + u4 follows from
decomposition of f in Fourier space (recall: u = Ny (f))

select n > 1.

write f = Ly f + Hy f, where the
low pass filter L, and the
high pass filter H,y, are

F(Lowf) = X5, f

define upyz = Ny (Hpif).
define u 4 := Nj(Lyif).

F(Hpif) = XRd\BnkJ?a

Helmholtz problems at large k J.M. Melenk
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properties of the Newton potential N, |l

Theorem (decomposition lemma)

Let supp f C Br and u = Ny (f) = Gk x f. Then, for every n > 1
the function u|g,, can be written as uw = ug2 + u 4 where

VPupell2g) < C (1 4 1

s—1
IV'ualizsny < Cn(Vank)  Iflz  ¥s € No.

) k)22 s € {0,1,2

Corollary

For every q € (0,1), one can decompose u|p,, = uy2 +u4 s.t.

kllugzll 2 + lumzlm ey < k7 I flle
lum2llm2Byy < Cllfllz
UA analytic

hp-FEM nonstandard FEM
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bounds for u -
@ U2 ZNk(anf) —

N ~ ~ XRA\B,, =
up2 = Gy - (X]Rd\B,,kf> = Cdﬁf

@ observe that for [£| > nk (recall: n > 1)

1 n”? 1 [ n”? 1
12— k2 = 2 =1(nk)2" €2 k2 ~ n2 =1 (nk)!
e oo 1
€12 — k2 ~ 0% —1(nk)"

@ hence, for s € {0,1,2}:

urzlmsay = 1€°Am2ll2may < CR)* | Fll p2 ey

BIEs
0000000000000
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estimating u 4
o uy :=Np(Lyif). Hence, uy solves
—AuA—k:2uA:L,7kf on R4
o Paley-Wiener: L,y f is analytic and, since supp XBnka Bk,

IV Lok f | 2(ray < C(Venk)*|| fllp2may Vs € No

@ recall a priori estimate:

lwalltrr B,y + KlluallLzs,p) < CllLgrfllrz < ClIf|l 12

e use elliptic regularity (induction argument) to get

IVouall 2 < Clmk)* I 2

(for suitable v > 0)
33
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decomposition theorem for bounded domains
recall: aim is the proof of the following theorem:
Theorem (k-explicit regularity)
Let 0N be analytic. Then the solution uw = Si(f) of
in
on 0f)

—Au—ku = f
Opu—1iku = 0
can be written as
uU=ug2 +uAq,

where for C, ~v > 0 independent of k:

Cll fllz2
CE¥ 2y max{n, k}" || f|l .20

IA

lwm2l m2(0)

N

IV "usllr2@ < Vn € Ng.

35
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key ingredient of the proof:
Lemma (frequency splitting)
The decomposition f = Hyf + Ly f has the following properties:
(i) Ly is analytic
(il) Hywf satisfies
[ Hnefllpzwey < N fll2rey
=il
| Hopfllg-1@ay < Ck) ™ || fll L2 (way
[ Hupefll gt may < Cls (k)= £l 7= oy
for s’ < s.
note: analogous splittings possible on manifolds (e.g., 912)
34
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key steps of the decomposition (general case)
—Au—k*u = f € L*(Q) in Q
Opu —iku =0 on 0
goal: write u = ué,g + uf4 + 6, where
o |[ulp ) < Cliflr2@)
° uf4 is analytic with
IVouly| o) < CK3? max{s, k}*|| fll 2y Vs €Ny
@ J solves
~AS — k%6 = f5 € L*(Q) in Q
Opd —ikd =0 on 0f)
where, for a ¢ € (0,1), [|fsllz2() < all 220
then: obtain decomposition of u by a geometric series argument
36
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key steps of the decomposition

—Au—k*u=f € L*Q) in Q
Opu —iku =10 on 0f)

Let Si denote the solution operator for this problem.
@ decompose f = Ly f + Hyf. Set
@ UAL = Sk(Lnk:f)-
Then, nkfllL2. Furthermore, w4 1 is
analytic and satisfies the desired bounds (elliptic regularity)
() qu’I = Nk(anf)
lwp2 1l m2) < CllHpefl22@) < CllfllL2@)-
lumz 1l ) < Ok HHpefll 22 @) < CEH fllz2 (-
@ the remainder 0’ := u — (upg2 1 + u.4,1) solves

~AS - K% =0

/ . ! .
Ond’ —ikd" = Opug2y —ikup2; =i g
together with 19l 17200y < Cllugz 1llm2@) < Cllfllz2@)
37
Helmholtz problems at large k J.M. Melenk
Intro hp-FEM nonstandard FEM BIEs
000000000000 000000000000 000000000e000000000000000000000000000

key steps of the decomposition
—AUA72 — kQUA,Q = 0 7AUH2’2 -+ kzqu,Q = 0

. o0 .
5'nUA,2 - lk‘UA,Q = Lnkg 6nuH2,2 — 1l<:uH2,2 = an g

Q Lak is analytic == u 42 is analytic with appropriate bounds

@ standard a priori bounds for w2 5 (“positive definite
Helmholtz problem"):

AN

luszalie < CUERgln-vaon) < Ooell iz,
lumz 2llme < C||H1?1?9||H1/2(aﬂ) < C| fllr2(e)-
Q@ d=u—(ug1+ugs+upg2+ugzs) =0 —(ua2+ug:,) solves
~A§— kS = —2k’up2y = f5,
ond —ikd = 0,

and || foll 22 = 2K?(lupg o]l 2 < OIS 2

— selecting 7 sufficiently large concludes the argument.
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key steps of the decomposition

¢’ solves

~AY —K* = 0

O —iké’ = g, 9l 1200y < Cllfllzz(o)

© Decompose g as g = La g+ H % g with
Lakg analytic
1H 9l 1200 < Cn 191l 11172 002 7||f||L2

Q define uy 2 and upy:2 5 as solutions of

2 2 —
—Augs —k*ug2 = 0 —Aupz g+ kup2y = 0
. _ oN . . o0
anu.A,Q - lku.A,Q - Lnk g 5nuH272 — lkuH272 = an, g
38
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Theorem (decomposition for convex polygons)

Let Q C R? be a convex polygon. Then the solution u of
—Au—ku=f inQ, Onu —iku =0 on OS2
can be written as u = ug2 + u 4, where

lum2llmz@) < Cllfllrz)
1@6n V" Puallzz) < Cy*max{n,k}" ™| fllr2@) VYn €Ny

for some C, v >0 and 3 € [0, 1).

r(x) := min. distance to vertices
. n+1
re = min{l, }
1 5 if re>1
(I),B n = nr .
’ ﬁ%l} if Te < 1
40
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Theorem (quasi-optimality of hp-FEM, polygons)

Let Q C R? be a convex polygon. Let 7;LL be a mesh s.t.:
o the restriction of T,X to Q\ U‘jjlech(Aj) is quasi-uniform

o Tl restricted to B.y(4;) is a geometric mesh with L layers.

Then: the hp-FEM is quasi-optimal under the condition

b

sufficiently small and

p~ L > clogk.

BIEs
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O(h)

Q
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o
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Theorem (exterior Dirichlet problem)
Assume:
e 0N) is analytic

@ the solution operator f — u satisfies

kllullzzos) + lullmr@e) < Ck(Ifllz2 e,
Then: the solution w can be written as u = ug2 + u4 with

IV 'uall2@s) < ny”max{n,k}”k‘“_lﬂfHLg(%)

lumzllg2@e) < Cllfllzeas)-

Vn € Ny

quasi-optimality of hp-FEM
hp-FEM is quasi-optimal under the scale

resolution condition, if the DtN-operator on
OBp, is realized exactly.
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Assume additionally supp f C Bp.

hp-FEM nonstandard FEM
000000000000 000000000000e00OOO0OOOOOOO0OOOOO00000

exterior Dirichlet problem

—Au—ku = f inR¥\Q,
u = 0 ondQ
Oru — iku o(r1=4/2) — 00

hp-FEM

nonstandard FEM
00000000000 000000000000000e0 0000000000000 00000000

summary

@ basic mechanisms:

@ operator has the form “elliptic + compact perturbation”:
—Au — k*u = (—Au + k*u) — 2k?u (Garding inequality)

@ — asymptotic quasi-optimality

© k-explicit regularity for the (adjoint) problem in the form of an
additive splitting permits to be explicit about k-dependence of
onset of quasi-optimality

@ pollution free methods by changing the discretization and/or
ansatz functions?

o 1D is possible: one can devise nodally exact methods (—
pollution-free). This is due to the fact that the space of
homogeneous solutions is finite dimensional (dim: 2)

e pollution unavoidable for d > 1 for methods with fixed stencil
(Babuska & Sauter)
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© some nonstandard FEM
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Trefftz type ansatz functions
reasons:

@ improved approximation properties (error vs. DOF)
@ greater potential for adaptivity (directionality)
@ hope of reduction of pollution
stability analysis
@ not clear that approach “coercive + compact perturbation”
can be made to work for interesting cases

@ — often, different, stable numerical formulations used such

o least squares
e DG

Helmholtz problems at large k
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Trefftz type ansatz functions

idea: approximate solutions of —Au — k?u = 0 with functions that

solve the equation as well.

examples (2D):

@ plane waves:
W (p) := span{e™» @V |n =1, p},  w, = (cos 2 sin 2”7”)

cylindrical waves:
V(p) := span{J,(kr) sin(ny), J,(kr)cos(ny)|n=0,...,p}
fractional Bessel functions (near corners of polygons):

span{Jpq (k) sin(nap) |[n=1,...,N}, z

fundamental solutions:
span{Gy(lz —z;])i=1,...,N}
more generally: “discretized” potentials

A

0

o=

45
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Approximation properties of systems of plane waves for the
approximation of u satisfying —Au — k*>u = 0 on Q C R?

. 2mn 2mn
W(p) = span{e® @V |n =1 p}, w,= (cos—,sin —)
p p
Theorem (h-version: Moiola, Cessenat & Després)
Let K be a shape regular element with diameter h. Let
p =2u+ 1. Then there exists v € W(2u + 1) s.t.
lu—vlljkx < Coh* I ullyrr i, 0<j<p+1
2 j 2(j— 2
as where |[v||) x = 300k G m)|U|Hm(K)'
Remarks:
@ Extension to 3D possible
@ analogous results for cylindrical waves
a7 48
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Approximation properties of systems of plane waves Il
Theorem (p-version, exponential convergence)

Let Q C R%, Q' cc Q. Then:

inf |lu—w < Cetp/logp
it u ol < ,

Theorem (p-version, algebraic conv.)

Let Q) be star shaped with respect to a ball and satisfy an exterior
cone condition with angle Aw. Let u € H*(Q), k > 1. Then:

2 A(k—1)
< © (log (p+ 2)) .
B p+2

> B
s lu — vl g1 (@)

Remarks:

@ simultaneously h and p-explicit bounds possible (2D, Moiola)

@ extension to 3D possible (Moiola)
49
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—Au—ku=0 onQ=(01)72 Opu +iku =g, on 99

A . . . e
exact solution:  u(z,y) = elf(cosOsinf)-(zy) g — 6 k = 32.
partition of unity: bilinears ; on uniform n x n grid
Note: dimV(p) =2p+1, dimW(p) =p
approximation with general. harm. polyn. approximation with plane waves

—— n=8
-e- n=4
- n=2

S3o 3
T
N B

rel. error in H!
=
o
T
rel. error in H

0 500 1000 1500 2000 0 500 1000 1500 2000
problem size N problem size N
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approximation methods using special ansatz functions

@ partition-of-unity methods (Babugka & Melenk, Bettes &
Laghrouche, Astley, etc.) employ “standard” variational
formulation and construct H'-conforming ansatz spaces based
on the chosen ansatz function

@ Least squares method: approximate with special fcts
elementwise and penalize jumps across interelement
boundaries (Trefftz, Stojek, Monk & Wang, Betcke, Desmet)

© Discontinuous enrichement method (Farhat et al.):
approximate with plane waves elementwise and enforce
interelement continuity by a Lagrange multiplier

© ultra weak formulation: (Cessenat & Després, Monk &
Huttunen, Hiptmair & Moiola & Perugia, Feng et al.) DG-like
variational formulation that is only posed on the “skeleton”;
solution defined as L-harmonic extension into the elements

50
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performance of PUM: scattering by a sphere

scattering by a sphere By (radius 1) of an incident plane wave
sound hard b.c. on I' = 9By (i.e., Neumann b.c.)
computational domain: ball of diameter 1 + 4\ (\ = 27 /k)
b.c. du® + (: —ik)u® = 0 on outer boundary

mesh: 4 layers in rad. dir., 8 x 5 elem./layers; — 160 elem.;

170 nodes

k number DOF L%*T) DOF per

waves error wave
per node length
™ 58 9860 0.1% 2.95

the sphere, 5 = 27 (a) real part, (b} imaginary part

L 27 58 9860 0.8% 2.66
I © 3r 58 9860 2.1% 243
a7 98 16660 0.9% 2.67
v 5w 98 16660 2.7% 248
-5 taken from: Perrey-Debain, Laghrouche, Bettess, Trevelyan, '03

52
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interelement continuity by penalty (Least Squares)

model problem:

—Au—ku=0 onQ, Opu —iku=g¢9 onT,
notation:

T = mesh, & = internal edges, &' = edges on T,
approximation space:

Vv C{ve L*(Q)| (-Av—k*v) |[g =0 VK €T}

Cost functional
Jw) = 3 RIdlBa + NVl + 3 10— iku—gl2aq

ee€! ec&l

‘ numerical method: minimize J over Vy. ‘

@ existence and uniqueness of minimizer uy € Vi is guaranteed
@ consistency: if exact solution w is sufficiently smooth, then J(u) = 0.

53
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Lagrange multiplier technique for interelement continuity

original problem:
find u € HY(Q) s.t. a(u,v) = I(v) Vv € HY(Q)

notation: T = mesh, & = set of internal edges/faces
spaces: X ={ueLl*(Q)|ulx € H(K) VK €T},

s T (2e)

EcE
define  b(u, ) = Y ([u], )
EcE
define ar(u, p) = Z ax (u,v), aK(u,v):/K Vu - VT — k2uT + ik oum
KeT
Let Xy C X, My C M: Find (’U,N,AN)EXNXMN s.t.
ar(un,v) +b(v,Ay) = Il(v) YveXn
bluy,u) = 0 Yu € My

55
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interelement continuity by penalty: error estimates

@ — can get bounds for J(uy) from a elementwise
approximation properties of Vv given above for plane waves:

. . 2 2 2
J(uy) < inf J(v)= inf Zg K (|[w = 0][172(0) + [V (w = 0)][I 72
ec

+ 2 10n(u—v) = ik(u = )12,
ec€l
@ extract L2-error estimates from J(uy):

Theorem (Monk & Wang)

Let ) be convex. Let T be a quasi-uniform mesh with mesh size h.
Let w — uy satisfy the homogeneous Helmholtz equation
elementwise. Then:

lu — un |72y < Caph™"J(un)

V.

proof: duality argument (later) numerics
54
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“Discontinuous enrichement method” of Farhat et al. (IJNME '06)

Ansatz space for solution w:

XN = H Wk,
KeT
Wy = span{e*"*|n=1... N,}

Ansatz space for Lagrange multiplier

MN = H WE,
Eec&
Wg = span{e*enwntn =1 ... Ny}

where the parameters c¢,, are between 0.4
and 0.8 and are obtained from a numeri-
cal study of a test problem

Figure 1. 3D DGMH clements: directions of the Lagrange multipliers
(Ieft), directions of the element basis functions (right): (x) DGMH-26-4
(b) DGMH-56-8; and (c) DGMH-98-12

56
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performance of DEM: scattering by a sphere

@ scattering by a sphere B; (radius 1) of an incident plane wave
@ sound hard b.c. onT' = 0B, gi.e., Neumann b.c.)

@ computational domain: ball of diameter 2

@ b.c. 9,u® —iku® = 0 on outer boundary

N
100 F-- 109 ~
.
oy
5 10 5 10
© @
TTemAEa] o o
- DGMH-ss-e | = ud
- DGMH-a5-17 B |
—
~—ca E qp2 E 1
= E 2
k| =
5 =
& &
107 107
0 104
3000 10000 100000 3000 10000 100000

ndofs ndofs

Figure 6. Convergence of the Galerkin and DGM elements for the problem of sound-hard scattering
by a sphere: Ry =1, R2=2, kR =12 (left) and kR =24 (right).

legend: dashed lines = standard Q2, Q3, Q4 elements; solid lines = new elements; taken from Tezaur & Farhat,
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DG: discrete flux formulation

discretization:
o HI(K) — Vy(K),
e H(div,K) — Xn(K)
o (multivalued) traces u and o on the skeleton are replaced
with (single-valued) numerical fluxes uy, oy

u — uy (elementwise)

o — oy (elementwise)

discrete formulation (flux formulation)

/ika]\p?—l—/uNV-?—/ UNT N =
K K 0K

/ikuNﬁ—i—/a'N-Vﬂ—/ oN-nU =
K K oK

0 Vre EN(K)

0 YveVy(K

BIEs
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DG approach: continuous flux formulation

model problem: —Au—k*u=0 onQ, Opu+iku =g on 0N

reformulation as a first order system by setting o := Vu/(ik):

iko = Vu on(
iku—V-0 = 0 on{
iko -n+iku = g on 0N

weak elementwise formulation: for every K € T there holds

/ika-’r—l—/uv"r—/ ur-n = 0

K K 0K
/ikuv+/a~Vu—/ o-nv = 0
K K oK

Helmholtz problems at large k

vr € H(div, K)

Vo € HY(K)
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DG: from the flux formulation back to the primal
formulation

elimination of the variable o by

@ requiring VVy(K) C Bn(K) forall K € T
@ selecting test fct 7 = Vo and integrating by parts gives

/ VUNV'U—k2uNU—/ (uN—ﬁN)&ﬁ—ik&N-n =0 VK €T
K 0K
Since Vv consists of discontinuous functions, this is equivalent to:

DG formulation
Find uy € Vi s.t. for all v € Viy

Z/ VuN-VE—kZUNE—i—/ (ﬂN—uN)VE-n—/ ikoy -nv =0
Ker /K 0K 0K

60
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DG: special choices of fluxes
o DG formulation
o for interior edges .
R 1 find uy € Vi s.t. An(un,v) = i% fr 0gOnT + fr(l —d)gv Vv e Vy
oN = E{th}} — a[[uN]]
~ 1 _ .1 _
uy = {un} - B [Vhun] A (u,v) = / fuplVel + 7 / BIVru][Va?]
ik 24 gl
o for boundary edges B _ . e
{Viuplol +ik | afu][v]
~ 1 1- ) gl Jer
on = —Viyuy — —— (Vpuy + ikuyn — gn) 1
ik ik + /(1 —0ud, v + i% / 00, u0, v
uy = uN—%(th-n—i—ik‘uN—g) r r
! - / 60 uT  + ik /(1 — O)uv
©Q a=p3=23=1/2: UWVF (Cessenat/Després, Monk et al.) . r -
Q a=0(p/(khlogp)), B =O0((khlogp)/p), coercivity
0 = O((khlogp)/p): Hiptmair/Moiola/Perugia a,B,6 >0 — Im A(u,u) >0 V0 #£ u € Vy J
o if Viy(K') = space of elementwise solutions of homogeneous
Helmholtz eqn — volume contribution can be made to vanish
. . 61 62
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convergence theory: coercivity properties | convergence theory: L?—estimates
€, P)L2(Q) . 2
lellz2 o) sup ———— (adj. problem —Av — k%*v = ¢)
1 verr) llellz@
2 1/2 2 1/2 2
lulpe = EW / [[th]]HLZ(gI) + [lex / [[u]]HLZ(gI) —  sup Yrer(e, —Av — k)12
Lciye 2 2 ® ol L2
+ %H(S / anuHL?(F) + K[[(1 - 5)“”1;2(1“) lellpe 1/2
2 2 —1/2 2 k8720|122 o5y +h a2V 0|12,
lelbes = lulbe+ kI8~ 2 fubZaen < S0, (KZT e O A e AT
+h a2 ud agery + RIS 2ul 2y (i)
S Cl—==+VEkh|]|e
T lellpa
Theorem (Buffa/Monk, Hiptmair/Moiola/Perugia
( / P / / gia) o —Au — k%e = 0 elementwise
@ trace estimates (elementwise) and quasi-uniformity of mesh
ImA(u,u) = |ulba Yu € Vi @ «, 3, 0 = chosen constants # 0 (independent of h, k, p)
|[A(u,v)| < C|lullpglvlpe.+ Yu,v € Vi o () convex, in order to use a priori estimates
. . R . El[v]|z2 + |v|g + E 7 Holge < C
In particular, therefore, the DG method is quasi-optimal in || - || pa- 1vll 2 + o] [vlg2 < Cllellr2
“63 64
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Theorem (Monk/Buffa, Hiptmair/Moiola/Perugia)
@ use p plane waves elementwise, p > 2s + 1
o Let kh be bounded

o for the L?-estimate: Tn quasi-uniform and 2 C R? convex

Then, for o, 3, § constant (independent of h, k, p):

IN

|lu —unlpc Ck~2ps=1/2 (%) lulls41,5,0

o1 (logp\°
bl = ulze, < 0n° (2] fullon s

where ||U||§k(2 = ijo kz(s_j)‘uﬁqj(g)

remark: for Hiptmair/Moiola/Perugia choice of «, f3, ¢:

BIEs
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relative error (L,~norm)

optimal rates in || - || pg but same convergence result in L.
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summary for volume-based methods

e standard hp-FEM:

e quasi-optimality can be achieved with a fixed number of a
DOF per wavelength, if high order methods are used

o proof relies on the fact that one has a Garding and k-explicit

regularity estimates for the adjoint problem
@ nonstandard approximation spaces:

e significant progress has been made to understand the
approximation properties of these spaces

o stability: available (so far) only for discretizations for which
coericivity can be shown

Helmholtz problems at large k
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h-Convergence in L,-norm, =4, p=5

L

—+~ best approx

4~ UWF

& PWDG,
PWDG,

—6— PWDG,

relative error (L,~norm)

nonstandard FEM

p=290

00000000000 0000000000O0000000O0000000000000000000e0

h-Convergence in L,-norm, v=64, p=5
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0000000000000

—+— best approx.

— & —UWF

—o— PWDG,
PWDG,

4 PWDG,

o

10

oh

10'

oh

h-version performance (smooth sol.): left: k = 4, right: k = 64

geometry: Q = (0,1)2, exact solution: H{" (k| — xo), 20 = (—1/4,0)T
5 plane waves per element

source: Gittelson/Hiptmair/Perugia '08
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@ boundary integral equations (BIEs)
@ introduction to BIEs
o hp-BEM
@ regularity through decompositions
@ numerical examples (classical hp-BEM)
@ example of a non-standard BEM
68
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exterior Dirichlet problem (sound soft scattering)

—Au—ku = 0 inR¥\Q,
u = g onl:=09Q,
Sommerfeld radiation condition at oo

reformulations as 2nd kind BIEs
Q © “Brakhage-Werner":
find pst. Ap=g

@ “Burton-Miller”: 9, u solves

A'dpu = f (f given in terms of g)

o de {23}

_ fact: A and A’: L3(T) — L*(T)
o I analytic

boundedly invertible

Helmholtz problems at large k
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the BIOs V., K, K/,’ Dy

the 4 operators

Vi, Ky, K}, Dy : functionson I' — functions on T

are defined by taking traces:
single layer V: Viep 1= ’YSMVI@@

1 ~
double layer Kj: (5 + K = v Ky

1 -
adjoint double layer Kj;: (—5 + K} =" Ve

hypersingular op. Dy: Drp = f'yf“"tf(kcp
l jump relations:
[Vie] =0, [0nVip] = —¢
Tty = (- V)| [Kxpl =@,  [0nKryp] = 0.
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potential operators

eiklz|
2ik
H 1
TED (k)21
ikl 2l
4r||z||

d=1
Gr (2) d=2,
d=3

Newton potential N (f)

single layer potential Vi (f) f(y)dsy

facts: 1~/kf and IN(kf satisfy

o the (homogeneous) Helmholtz equation piecewise

@ the Sommerfeld radiation condition at oo

Helmholtz problems at large k
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representation formula and Calderdn identities

representation formula/Green's identity

Let u solve the homogeneous Helmholtz eqn in R\ O (and
Sommerfeld radiation condition). Then:

u(z) = (K™ u)(@) — (Vinf™u)(@) = eR\Q

BIEs
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n(y) - V,Gr(r —y)f(y) ds,y.
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taking the trace 7** and the conormal trace 7! on T leads to

Calderdn identities

,ygxtu — < Id+K > ext

ViU = — DGt

Helmholtz problems at large k
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indirect methods
Ansatz: the solution of the Dirichlet problem is sought as a

potential
o (first attempt): u = Vi for an unknown density ¢. — BIE

Vip=g onT

However: Vj not injective for some k

o (second attempt) u = K. Again no good solvability theo
for all & L

@ (combined field ansatz) u = (inVy + Kj)p for some
parameter n € R\ {0}. —

1
~+ Ky

g =" =inVyp + (2 ) @ =: Ay

Brakhage-Werner

A: L*(T) — L*(T) is boundedly invertible for every € R\ {0}
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direct methods
starting point: Calderdn projector:

ext

1
6" u (2 Id +Kk> W% = Vit |- (—in)

ext

ext ety

—Dig

ext
T1ou

1
u+ <2 Id —K,;) 5
ry
linear combination yields

1
S ¢
2 k

ext

it =: Ay,

[in( ) — Dk} 6" U = [iWk + (% + K;Q)]

Dirichlet problem: given §*u = g, solve for v{*'u.

Representation formula gives u:

ext

u+l~(k70

|
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the BIOs A and A’

1 1
oA:§+Kk+ind, A’:§+K,Q+invk
@ coupling parameter n with |n| ~ k.

o I' smooth = A and A’ are compact perturbations of %Id
Fredholm theory available

question

how does k enter the mapping properties of A, A’ and their
inverses A=1, (A")~17?
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Galerkin discretizations
e given (Vy)nen C L2(F)
Yv € Vy

find on € Vi st (Apn, v) ey = (£, v) 2

@ asymptotic quasioptimality: 3Ny s.t. VN > Ny
— e — enllr2r) < QUiEI%fNHSO—UHL%r)

@ question: how does Ny depend on k7

hp-BEM spaces SP°(Ty,)

@ 7, = mesh on I', mesh width h

Helmholtz problems at large k

element maps analytic (4 suitable scaling properties)
SPO(Th) € L*(T)
SPO(T,) = piecewise (mapped) polynomials of degree p

V.
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Theorem (Quasi-optimality of hp-BEM)
Assumption:

o (adjoint) well-posedness: ||(A") Y| p2 2 < Ck®
Then: 3 c1, ca = c2(«) independent of k s.t. the

. .. kh
@ scale resolution condition — <c¢; and p > cologk
p

implies

= <2 inf —v
I 90N||L2(r)_ veSP’O(Th)“@ ||L2(F)

Corollary

Selecting p = O(log k) and h ~ £ leads to quasi-optimality for an
hp-BEM space of dimension N ~ k=1,

v
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regularity through decomposition

@ idea: decompose operators into a
e part with k-independent bounds
e part with smoothing properties and k-explicit bounds

@ example:

Al = A+ Ay

o A; order zero operator; k-independent bounds for || A ||
e A; maps into space of analytic functions

@ example:

1 1
A:§+Kk+i77vk:§+K0+ R +.A

e A: maps into space of analytic functions; k-explicit bounds
o R: “small", order-1, Ek-explicit bounds
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remarks on assumption of well-posedness

Assumption of well-posedness

for some v € R there holds

I(A) " g2 g2 < Ok

@ a = 0 for star shaped domains (Chandler-Wilde & Monk)

@ often observed in practice

o |[(A) 22 > CeYFm: for certain trapping domains and

kym — oo (Betcke/Chandler-Wilde/Graham /Langdon/Lindner)
possible to show:
— <(1+-¢ in -
1% SONHL2(F) <( h’p)ueSP»O(n) 1% HL2(F)

where g, , = 0 if %h — 0 (and p 2 logk)
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decomposition of V,

Theorem
Let T be analytic and choose q € (0,1). Then:

Vie=Vo+ Sy + Ay

where
(i) Sy : L3(T) — H3(T) and

ISvlizere Sak™ ISvilacr2 Sa 1Svilaser SK
(i) Ay : L3(T') — space of analytic functions and

IV* Aveliaqy S K2 max{k,n}"y" ol g-s2qy Yn €N

4

(=]

analogous result for Ky,

80
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decomposition of V " ~
- - P F Theorem (decomposition of V})
tudy: Vi, — = th cut-off fct, y =1 T .
o Stucy Vi {‘1/?2 (x SO0t cut-olt et X lnear ) Let T be analytic, s > —1, and choose q € (0,1). Then:
e given ¢ € H™'/*(T") set u := Vi and ug := Vo € H (BgR).
@ Then § :=u — xup = Vo — xVop solves ‘71@ — X‘70 + §V + jv
—AS— k% = Kk ugx +2Vyx - Vug 4+ ugAy =: f
5/=0  [0.5]=0 onT, & satisfies radiation conditi where
= = onT, satisfies radiation condition o=
[ " (i) Sy : HY/2+5(T") — H?(Bgr) N H3**(Bg \T') and
o — 0 =Nip(f) = Ni(Hyif) + Ni(Li. f), where Hyy, and Ly, _ ) : )
are the high and low pass filters, n > 1. ||SV90”HS’(BR\F) < ¢(g/k)EE [l 172451y,
o Ly f analytic = Ny (L, f) analytic )
o Nip(Hyif)is N 0<s <3+s
o an element of H3(BpR) (since f € H'(Bg)) (i) Ay : H-1/2+5(T') — space of p.w. analytic functions and
o small in H!(Bg) for large n > 1:
= ! v A < "k max{k,n}" ¥neN
W gk )l may < nkfllz®ey < C—5 1 flla@e R\ S VK ; H-3/2(T
N (Hor.f)] < Ck™ | Hyfll < an (Al | vollLe(Bp\r) vk max{k, n}" ||| g-s/2r) Vn € No
1
< C—llollg-12(r)- )
n
81 82
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decomposition of A1 sketch of the proof
Theorem @ the operators V, and K} can be decomposed as
. Vi.=Vo+ Ry + Ay and K, = Koy + R + Ak, where
Let T" be analytic.
IBvI2ere <ak™,  [IRkllz2er2 <4
Assume:  ||A7Y|p2ep2 < Ok for some o > 0 - <
Then: A~'= A+ A o hence, decompose A = 1 + K}, + inV}, as (use n = O(k))
1 . 1 .
where A = §+Kk—|—177Vk: §+K0—|—1V0 +R+A
(i) Aj: L3(T) — L*(T) with ||A1||2r2 < C independent of k A R - A Ao A
(i) Ay : L3(T') — space of analytic functions with = (Aot R)+ A= Ao+
4 where
V™ Al L2y < Ck” max{k,n}"|¢llL2r)y Vn € No © Ao : L%(T) — L2(T) is boundedly invertible
) Q ||R|lL2e 2 < q with arbitrary ¢ € (0,1)
for suitable 3 > 0. | © A maps into a space of analytic functions
- Q@ Ay : L*(T) — L2(T) is boundedly invertible (with norm
Remark: Analogous decomposition for (A’)~1 independent of k)
83 84
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sketch of the proof, Il Theorem (analytic data)
R Let OS2 be analytic. Let f be the jump of a piecewise analytic
A=A+ A function. Let ¢ € L*(T) solve

7 L L+ inVi)p = Ap =
o Ay: L*(T) — L*(T') is boundedly invertible (5 + K +inVi)p = Ap = f
® A maps into a space of analytic functions Then ¢ = [u] for a piecewise analytic function u.
@ Then ’

A7l = Aal — A_lAAal = A+ A ideas of the proof:

is the desired decomposition of A~! if we can show that A~! O define u = Ky +inVip.

maps analytic functions to analytic functions @ jump conditions: ¢ = [u].
@ more specifically: Q §'u = (% + K +inVi)p = f — get bounds for u on B\ Q

e structure of A: A is constructed by taking traces of potentials
— Agp = [2] for a piecewise analytic function (depending on ()
o — will need that A= maps traces of jumps of piecewise

Q [u] = ¢ and [0, u] = iny implies [0, u] + in[u] = 0.
© once ulga\( is known, we have an elliptic equation in € with

analytic functions to jumps of piecewise analytic functions Robin boundary data — estimates for ulq.
85 86
Helmholtz problems at large k J.M. Melenk Helmholtz problems at large k J.M. Melenk
Intro hp-FEM nonstandard FEM BIEs Intro hp-FEM nonstandard FEM BIEs
000000000000 000000000000 0000000000O000000000000000000000000000 000000000000 000000e0C 000000000000 000000000000 0000O0O00000000O000000000000000000000000 0000000000000
set-up of numerical examples circle (radius 1)
1
0o A== + Kl; + lka circle, r=1,n =k
2 T T T T T T T 11024 ; circle,r=1,n=k
. . - ——K= 1 .
e mesh 7Ty, is quasi-uniform and h ~ 1/k 10"} Se-ke2s6 |
. -o- k=128
o for fixed mesh Ty, degree p ranges from 1 to 14. ——k=64
. . —v—k=32
e Galerkin projector P, : L*(I') — SPO(Ty) 5 3 el )
. . . . b5 —>—k= 3
@ approximate quasi-optimality constant élo —— k=4 g
= ©
< >
Id —Ph V|12 8 = o
7 £ (LT AL
Id=Puglppcpe e sup  AUILrp)ol oo AL
v€S20.0(Ty) vl 2 ol oK'?
. . . / n—1
e indications for ||A'||;2.r2 and ||(A) 7| z212 | - I proemTrenmme o nre oo oe
. 1 2 3
e usually n = k (some computations: n = 1) ! 2 3 apeTes 20 10 10 10
@ recall scale resolution condition: @ quasioptimality
Lh @ Number of elements N =k constant:

2 small and p > clogk. @ Galerkin Error = \/||Id =P, ,||? — 1
p

Copt = \/1 + Galerkin Error?
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nonstandard FEM BIEs

ellipse (semi-axes 1, 1/4)

ellipse,a=1,b=1/4,n=k

000000000000 00000000E

Intro hp-FEM
000000000000
5 ellipse, a=1, b=1/4,n =k
10 . . ——
——k=256
-6-k=128
2 [ -0- k=64 ||
AN ——k=32
. ——k=16
5 B k=8
S .1 . I
510 ¢ . ——k=4
=
<
Q S,
< 10° 4
]
107 _ |
4
-2
10 . . L
1 2 3 4 5 6780910 20

p+1

@ Number of elements N = k

singular value

o

@ Galerkin Error = /|| Id =P ,||? — 1

Helmholtz problems at large k
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C-shaped domain (n = k)
C-shape, r=1/2,n =k
T T T T T T Tt , C-shape, r=1/2,1 =k
10 . . . .
q
10° 8 //
S
b5 3. O (LTTALT
s 10 ¢ 1
£ z o (LTTALT
5 _g = ©-"min
® >
(0.9
6] £ Ok™)
. [
10
107"} ]
o
L L L L . . “~“‘~.°
1 2 3 4 15 6 7 8910 20 50 100 200 300 400 500
p+
/3
@ Number of elements N = 20m : w18
@ k=3mm/r
/3
r=0.5
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circle in circle (radii: 1/2, 1/4)
circle in circle, r1=1/2, r2 =1/4, n = k ; circle in circle, r1 = 1/2,r2 =1/4,n =k
h ——k=512 10 ‘ ‘
L -0 -k=256]] _//
10 -o- k=128 {
—— k=64 o
A ——k=32 107 ¢ ]
5 k=16 || o FTTTTeeL. .-
5 10° ——k=8 || 2 Tvo
c ——k=4 Z .
= <10 | N o ----q 1
(3] 3 AP \
< 2 ° :
o S \
" \
10 . .
1075 I N
| —'—Gmax(l‘ AL '
-1 57T °
e O (LT AL
1072 L L L L L L L T 1073 T 1 w2
1 2 3 4 5 6 7 8910 20 10 10
p+1 k
@ Number of elements N = 2k
@ Galerkin Error = /|| Id =P ,||? — 1
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C-shaped domain (n = 1)
C-shape, r=1/2,n =1 ; C-shape, r=1/2,n = 1
10° ‘ — 10 ‘
——m=48
-¢-m=24 —
102 ------- -o- m=12|| 100 L i
—v—m=6
——m=3 1 T
—_ ¥ _ — =
g 101( 10 N —’—Gmax(L ALY E
° o (LTTALT
§ = ©-"min
2 .0° 1072 © 1.9 E
< 10 —
8 OKk™7)
_3
107" 10 E
o -~
107 ‘ e 107 : IDLEE
1 2 3 4 5 6 78910 15 10° 10°
p+1
@ Number of elements N = 20m ,
o k=3mm/r
r=0.5
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Galerkin error
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circle in circle (radii 1/2, 1/4, n = 1)

circle in circle, r1=1/2,r2=1/4,n =1
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nonstandard FEM

Conclusions for classical hp-BEM

decomposition of A and A~! into

circle incircle, r1 =1/2,r12=1/4,n=1

S ——k=512 e parts with k-independent bounds
-6 -k=256 . . . . .
- k=128 — —— | e parts with smoothing properties and k-explicit bounds
) ——k=64 0|
10°} g2 |0 o hp-BEM quasi-optimal with k-independent constant if
k=16 || o
nabo gl - ¢ kh
1072 ks e — is sufficiently small and p > clogk
L 2107} Trel
. 332‘,’?&: o AT S @ quasi-optimality for problem size N = O(k~1) possible
| T e AL S (select p = O(log k) and h = O(p/k))
107 . Lo - . . . “ "
1 23 4 5678910 20 10’ 102 @ often observe quasi-optimality already for %h small
p+ k
. @ caveat: the continuous problem needs to be well-posed, i.e.,
® Number of elements V= 2k |A=|| grows only polynomially in k&
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non-standard BEM: a sound soft scattering problem multiscale approximation spaces
Kirchhoff approximation of 0, u:
) = polygonal obstacle X\
20,u’  on lit side
. Opu ~ V¥ .= " _
ui(x) = exp(ik d - x), d| =1 0 on shadow side
~Au—kKu = 0 in RY\ Q /
u = 0 on 02 ,
ut = u—u satisfies(0, — ik)u® = o(r—(@=1)/2), Ansatz
goal: determine 9,u on 92 O =V + ko
- - - - for a function ¢ to be determined
question: find space Vi from which 0,u can be approximated well ‘
95 96
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O,u for k =10 and £ = 10240

BIEs Intro

hp-FEM nonstandard FEM

BIEs

15
en)

@ sharp gradient at corners
@ highly oscillatory

@ piecewise smooth

Helmholtz problems at large k

Intro hp-FEM

non-standard BEM

=
o

relative error in L2 for 0]
=
o

10
——k=10
p=2 - ©-k=10240

0 100 200 300 400
DOF

composite Filon quadrature

500

cpu time

nonstandard FEM
000000000000 000000000000 0O0O0000O000000O0O000O00O00000O0000O000000000

nonstandard BEM: k£ = 10 and k£ = 10240

non-standard BEM (Matlab)

10

10

3 4
polynomial degree p

@ k-robust exponential convergence (absolute error)
@ cost of quadrature formula independent of &

Helmholtz problems at large k
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geometric mesh 7, with L layers
(TL UL
o3 / o )
[ e . € (0,1)
! ! H—o— :
o | % 0 € N / 1
Theorem
Vi = exp(iks) x p.w. polynomials of degree p on Tz,
Vy = exp(—iks) X p.w. polynomials of degree p on Ty,
p ~ LZlogk.
Then: Vi =V + Vy satisfies
N —1/2 _—b
inf ||¢ — |20y S k7127,
EVn
dimVy ~ p? )
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conclusions for nonstandard BEM
@ possible to design special approximation spaces that
incorporate both the oscillatory nature of the solution and the
corner singularities
@ approximation properties are only weakly dependent on k
@ possible to design (in 2D) exponentially convergent
-e-k=
: o quadrature rule to set up BEM stiffness matrix with work
depending only weakly on k
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