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The world sheet action with Euclidean signature is
S = Sy z + Sghost + 5S¢ where Sg has ¢ = 28

Syz = [d?z (Y'*D,Z' +Y'*D:Z")

with D, =9, —iA,and1 < I <8.

The equations of motion for Sy are
D:Z=D,Z=0, D.Y*=D.Y?=0

together with the constraints Y*Z = Y*Z = 0.

The end condition on the open string
n,Y*0Z = —n;Y?*67

is satisfied by the boundary conditions

72=UZ Y¢n,=-U"'Y?n,

where U = %%, |U| = 1.



The action Sy 7 has two abelian gauge invariances

Y? — g_le, Z— gz, Azr— Az — 7;9_18297

Y —qg 'Y* Z—qgZ A,— A,—ig '0,7.

For eg. in coordinates A1 = A, + Az, As =i(A, — Az),
Ay s Ay + Bup + €70,

where g = e¥ T isin GL(1, C) with ¢ and 1) pure imaginary.

~

A, A, can be thought of as components, Ax, A, of different gauge

~

potentials, Aw AW associated with the transformations g, g, respectively.



The gauge invariance of the theory can be used to set the potential Au

:Ag

An example of a potential on S?, for which A, = A, =0, A

As=—F 0 Js—o
? 142z’ c ’
1 ~
A>: .A>_
(14 22)z ?
A< — 0. A< __ 2
c ’ ® 1+ 22
Az =0, Ar=—""

(1+
Then A~ — AS = —ig~ 0,9, /~l> AL = —zg_laﬂg
forg=2"",9g=2

Z>(2) = 2" Z2<(2), Z7(3) =7 "Z<(3).

= 0.
=0, is

Two patches: A7 = {z:]z| > 1 —e}and A5 = {z:|2| <1+¢€}.



An example of a potential on T2, for which A, = A5 = 0, is

1T ~

A, (z2,2) = E(z —z), A.(z,2)=0,
As(2,2) =0, As(z2) = —%(z —2),
Then
A (z+a,z24+a)— A,z 2) = —zggl(i)ﬁuga(z)
Au(z+a,z+a) — Au(z,2) = —ig, ' (2)0uGa(2)
for
gulz) = e R e g pimmmantin

Z(z+a) = ga(2)Z(2)

Many patches: a = m1 + nq7.



In a gauge with A, = Az = 0, the equations of motion for Z, Z are

0:7Z = 0,7Z =0,sothat Z = Z(z), Z = Z(Z). For instanton number n:

On the disk,

71(2) = Z Z12m

On the cylinder,

where 1 < I < &.



Letn, = mmi€e — Ny ¢/, the translation property of Z is
Z(Z 4+ 1) _ eiWGZ(Z), Z(Z 4+ 7_) _ e—iw(e’—l—n(2z+7))Z(z)’

the defining relations for an n-th order theta function with characteristics €, €’.

0 {6} (v, 7) = E exp {im(m + 1€)°T + 2mi(m + Le)v + mime' + Lmiee’}
€
meZ

The space of n-th order theta functions is spanned by the n functions

1
0 [”<6+2p)] (nz,nt), p=0,1,...n— 1.

6/



In this gauge, we canonically quantize the Berkovits action

The field content is

U(1) charge -1 ] 1 0 0O 01|O0 0

conformal spin, J 1 0 1 1 0 2 —1

central charge, ¢ 0 28 -2 -26

The fields ZI, 1 < I <8, comprise four boson fields, A%, u*,1 < a < 2, and
four fermion fields ™, 1 < M < 4.

The gauge invariance insures that the Z I are effectively projective coordinates in

the target space CP3/4.



The mode expansion for the fields with conformal spin 7 is
O(z) = 0p27"7
The vacuum satisfies ®,,|0) = O forn > —7. So Zl|0) = 0forn > 1.

[[anayrﬂ] — 5ij5m,—na {Cma bn} — 5m,—n7 {Umaun} — 5m,—n7

[, | denote anticommutators when ¢, j > 5, otherwise commutators

[J5, JB =i fA B LIS+ kmby, _n04P.

:+L7(2)



The current associated with the abelian gauge transformation is

8

J(2) = =P(z) = - Z 3 Yj(Z)Zj(Z) = ZZaﬁﬁz—m_l = — Zamz_m_l

7=1 m m

s 23] = ~Zhnd?, X(2) = dhradlogz=y e, Z(2) e X0
n#0

Gauge transformation with winding number d:

g(2) = 2o B b Uy = et S fntn U Z()U = g(2)Z(2)
0|U,Vi(21)Va(22) ... Vi (20)]0) = (0] V] (21)Va(22) . .. Vi(2,)]0)  Tree

tr (UgVi(z1)Va(22) ... Vi(2n)w™®) = tr (91090 V1 (21)Va(22) . .. Vi (2n)w™®)  Loop



8
j . . . . . .
e = H et Zi+dedqo — ed0 77 [ag, q] = 06" for fermions/bosons
j=1

Scalar products

fermions:
(01Zo|0) =1 = /dZOZO, Zo|0) = e=910), (0]e®®Z_y ... Zy|0) =1

(Tree amplitude will vanish unless number of negative helicity modes is d + 1).

bosons:

(01 f(Zy)|0) = /f(Zo)dZo, or, equivalently,  (0]e**%°]0) = §(k)

d
(Ole? exp iy ki Z_j 3 10) = || 6(k;)



Physical state |¥) = f(Zy)J2,|0)

Gluon vertex operator V (¥, z) = f(Z(z))J*(z) describes the dependence

on the mean position of the string in twistor superspace Z’ = (7%, w®, M)

2 4
dk
W) = [ TLo0() - n)ak () - o) T] (ke () - 02
a=1 M=1
Multiply by polarizations: A(6) = A, + 610%030*A_

Fourier transform on w?, integrate over M then

Vfl(z) _ /dkk?’ H 5(k)\a(z>_ﬂ_a>eik,ua(z)ﬁ'aJA<Z>¢1(Z)¢2(Z)w3<z)¢4(z)

a=1

and

2
Vf(z) — / % H (kA" (z) — W“)eik“a(z)ﬁa JA(2)
a=1



The n-point gluon tree amplitude in instanton sector d is

A — [V @)V za) . VA )l 0) T] d fdascs

r=1

dys is the invariant measure on the Mébius group
d~g is the invariant measure on the group of scale transformations on Z
MHV amplitudes (d = 1):

(0]eVA (2) VA2 (20) V2 (23) ... V2 (2,)0)

Because Y/ does not occurin V4 (z), replace Z7(z) by Z! + 221 .

FALA2.An

z1—22)(z2—23)...(z2n—21) "

Use single trace current algebra tree amplitude (

<]‘7 2>4fA1A2An

tree — 54 oz
ATEL L =6 (") (1,2)(2,3) ... (n,1)




Penrose spinors :
_ .a _ =a= _ -
TS >= T e, TS| = TiTra,  DPraa = TraTra-

Polarizations Al_AQ_AéF AT € = A5, 0Tra, €

r A;Trrasrd

(Vectors s,., and s, defined such that 7,.%5,., = 1 and ﬁ?sm =1, eg.
_ 3 _i L
S3p Y _q ol = 0 implies s3pm) = [23]/[12].)

+ + —

23]

_A 1A+2A_|_3 (7T18283(,7T1a7'('3b7'('2b) A_1A+2A_|_3 m



Path integral quantization:

Atree =37 / DZ; 6((0: — iA5)Z")
d=1

'/ﬁdzz‘/quGG_SGJAl(zl)JA?(zQ)...JA“(zn)
i=1

- dk”’“ a a ) Yz
T % ILotet - kot etontoom
r=1 r,a

[Aur K U2 )0 20 ) A [ s

In a gauge where the potentials are zero, the path satisfies 03 2 I'=.
Ford=1, Z!'(2)=2Z+ 7!
Replace DZ; 6((8; — iAY=)Z) with [[5_, dzldz!.



Loop Amplitude

2mwimT

| A dfO dr -
.As,(ilp _ /Aj\l,:JJdAz’dA;ﬂ]L AghOSt H prdl/ra P 627T,WT, W — 6271'@7'

Twistor bosonic contribution:

A
Ay = /tr

X

e*10u™ H exp {1k A (pr ) Wraq + tkr b (07 ) Tra } wLO>

r=1

’:];/\

2
dk/]" . — a
H e e dio., /dys
1 oy a=1

r

Bosonic trace formula:

n d n

A _l -A. A .
where p; = u"2p; = eV, Dy =wv; +ifo/4m, u = elo.



where

ok /d — 1

F,f(p,w) _ pd/de/S—k/él 0 [ 5

] (—dv, dr)

FE(p,w) = pfs(2v,27),  F3(p,w) = w1 pb(2v,27).

Expressing the second delta functions as Fourier transforms on A7,

M_U/H(s(zmm, )

7,a=1

n 2 2 n
X exp (z’i S [ by X F2 (e, )@y — iy, D [T TT % T1 da s

r=1a=1 =1 a=

Q
1
—_
ﬁ
—_



Performing the k,. integrations,

n 2
U 1 s 3
AN = 64 (S, )ul / AR-23)? [] — (ﬁ(ur, V7, wﬁ) [T @>x/dns
r=1"" a=1

Use the delta functions (ﬁ(ﬁr, T)m b — 7T7~2) to do the integrations over v,

3 MW7)+ 0 F2 (pr 03(20,, 2
EDy,T) = i\lg(y .7) +i\2 — 7T_7£7 for £(y, ) = C(pr,w) o 3(20,, 27)
MeD, )+ N wh

- = — =&
FZ(pr,w)  w=1605(20,,27)

From the bilinear transformation &, — W%/Tl‘;, the invariant measure yg:

d2 )\ B d&1d&adEs
G2 e 6 &)l &) )

L qloop _ (L, 2)46%(Smr,7,) (65— &) [1r (& — &) 7 gnos o dfodr
An,Q (1,2)(2,3) ... (n, >/(€3_€1) [H ¢l ]An A pridridvedys

2mwimT

r=4



Twistor fermionic contribution:
AY o = ktkatr(e20u (1) (p1)v? (p1) Y3 (p1)0* (p1) ¥ (p2)? (p2) 0 (p2)ib* (p2)w™)
Ghost contribution to the loop integrand:
Aghost _ ?7(7_)4

The partition function for a general fermionic “b, ¢’ system with conformal

dimensions A and 1 — A respectively is
©. @) ©.@)
c c 1 1
tr(bOCOwLO_ﬂ(—l)F) = w21z 17N H(l—wn)2 = w12 H(l_wn)2 = n(7)*
n=1 n=1

c=12\(1—\) — 2
L(z) = =A5b(2)c () 5 4+ (1= A) 3 (2)c(2) &

X



Current algebra tree:

ajasasa
0-1234

<O’Ja1 (zl)Ja2 (Zl) . JCL4(Z4)|O> - (21 _ 22)(22 — ZS)(ZS — 24)(24 — Zl)

+perm

Current algebra loop:

tr(J(p1)J° (p2)J(p3) T (pa)w™®) p1p2pspa

= {a0 (Kx(7) ()2 + FONOGED? + F(7)] = xP(7)2/x(7)) + perm }
1

+tr(Jg o Jg Jgw')s — 7= (o)

o

aoc f T)
= (oo (r) { N + 8;2 (P + ¢+ (M)

—P12 — Pag — P3q — 7)41} } + perm)

where

O_abcd _ tr(TCLTbTCTd)



X2 =xrv; —vi,7) (7 =Cv—viT),
93(”77)
91(V7T)

2
Xr(v,7) = 56’2 (0, 7)494(0, 7')4

BvT) B0
01(v, ) 61(0,7)

Pv,7) =~ (v,7) = —4r*x5:(v,T) + 7T5(92(0,7')4‘ — (92(0,7')4).

C(v,7) =




Twistor string loop

loop _ (1,2)*6* (X, 7 s (&1 —&)(& — &) S
A T TR E ) /5 <(€1 NGRS t)

4
A dfodt
Ai 77(7_)4 | | p?“dyr .
r=1

2mwimT

where

57“ — 93(2&74, 27’)/92(2ﬁr, 27’),
ﬁr = Uy + Zf0/47T

A
Ai is the current algebra loop.



