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The world sheet action with Euclidean signature is

S = SY Z + Sghost + SG where SG has c = 28

SY Z =
∫
d2z

(
Y IzDzZ̄

I + Y Iz̄Dz̄Z
I
)

with Dµ = ∂µ − iAµ and 1 ≤ I ≤ 8.

The equations of motion for SY Z are

Dz̄Z = DzZ̄ = 0, D′zY
z = D′z̄Y

z̄ = 0

together with the constraints Y z̄Z = Y zZ̄ = 0.

The end condition on the open string

nzY
zδZ̄ = −nz̄Y z̄δZ

is satisfied by the boundary conditions

Z̄ = UZ, Y znz = −U−1Y z̄nz̄

where U = e2iα, |U | = 1.



The action SY Z has two abelian gauge invariances

Y z̄ 7→ g−1Y z̄, Z 7→ gZ, Az̄ 7→ Az̄ − ig−1∂z̄g ,

Y z 7→ ḡ−1Y z, Z̄ 7→ ḡZ̄, Az 7→ Az − iḡ−1∂z ḡ .

For eg. in coordinates A1 = Az +Az̄ , A2 = i(Az −Az̄),

Aµ 7→ Aµ + ∂µϕ+ εµ
ν∂νψ ,

where g = eψ+iϕ is in GL(1,C) with ϕ and ψ pure imaginary.

Az̄, Az, can be thought of as components,Az̄, Ãz, of different gauge

potentials,Aµ, Ãµ, associated with the transformations g, ḡ, respectively.



The gauge invariance of the theory can be used to set the potentialAµ = 0.

An example of a potential on S2, for which Az = Ãz = 0, Az̄ = Az̄ = 0, is

A<z = − inz̄

1 + zz̄
, Ã<z = 0,

A>z =
in

(1 + zz̄)z
, Ã>z = 0,

A<z̄ = 0, Ã<z̄ = − inz

1 + zz̄
,

A>z̄ = 0, Ã>z̄ =
in

(1 + zz̄)z̄
.

ThenA>µ −A<µ = −ig−1∂µg, Ã>µ − Ã<µ = −ig̃−1∂µg̃

for g = z−n, g̃ = z̄−n.

Z>(z) = z−nZ<(z), Z̄>(z̄) = z̄−nZ̄<(z̄).

Two patches: A>µ = {z : |z| > 1− ε} and A<µ = {z : |z| < 1 + ε}.



An example of a potential on T 2, for which Az = Az̄ = 0, is

Az(z, z̄) =
iπn

Imτ
(z − z̄), Ãz(z, z̄) = 0,

Az̄(z, z̄) = 0, Ãz̄(z, z̄) = − iπn

Imτ
(z − z̄),

Then

Aµ(z + a, z̄ + ā)−Aµ(z, z̄) = −ig−1
a (z̄)∂µga(z̄)

Ãµ(z + a, z̄ + ā)− Ãµ(z, z̄) = −ig̃−1
a (z)∂µg̃a(z)

for

ga(z) = e−
πn(a−ā)

Imτ (z+ a
2 )+iπnm1n1+iηa ,

g̃a(z̄) = e
πn(a−ā)

Imτ (z̄+ ā
2 )−iπnm1n1−iη̄a ,

Z(z + a) = ga(z)Z(z)

Many patches: a = m1 + n1τ .



In a gauge with Az = Az̄ = 0, the equations of motion for Z, Z̄ are

∂z̄Z = ∂zZ̄ = 0, so that Z ≡ Z(z), Z̄ ≡ Z̄(z̄). For instanton number n:

On the disk,

ZI(z) =
n∑

m=0

ZImz
m

On the cylinder,

ZI(z) =
n−1∑
p=0

cIp θ

[ 1
n (ε+ 2p)

ε′

]
(nz, nτ),

where 1 ≤ I ≤ 8.



Let ηa = πm1ε− πn1ε
′, the translation property of Z is

Z(z + 1) = eiπεZ(z), Z(z + τ) = e−iπ(ε′+n(2z+τ))Z(z),

the defining relations for an n-th order theta function with characteristics ε, ε′.

θ
[ ε
ε′

]
(ν, τ) =

∑

m∈Z
exp

{
iπ(m+ 1

2ε)
2τ + 2πi(m+ 1

2ε)ν + πimε′ + 1
2πiεε

′}

The space of n-th order theta functions is spanned by the n functions

θ

[ 1
n (ε+ 2p)

ε′

]
(nz, nτ), p = 0, 1, . . . n− 1.



In this gauge, we canonically quantize the Berkovits action

The field content is

Y Z JA u v b c

U(1) charge −1 1 0 0 0 0 0

conformal spin, J 1 0 1 1 0 2 −1

central charge, c 0 28 -2 -26

The fields ZI , 1 ≤ I ≤ 8, comprise four boson fields, λa, µa, 1 ≤ a ≤ 2, and

four fermion fields ψM , 1 ≤M ≤ 4.

The gauge invariance insures that the ZI are effectively projective coordinates in

the target space CP3|4.



The mode expansion for the fields with conformal spin J is

Φ(z) =
∑

Φnz−n−J

The vacuum satisfies Φn|0〉 = 0 for n > −J . So ZIn|0〉 = 0 for n ≥ 1.

[[Zim, Y
j
n ]] = δijδm,−n, {cm, bn} = δm,−n, {vm, un} = δm,−n,

[[, ]] denote anticommutators when i, j ≥ 5, otherwise commutators

[JAm, J
B
n ] = ifABCJ

C
m+n + kmδm,−nδAB .

L(z) = −
∑

j

: Y j(z)∂Zj(z) : − : u(z)∂v(z) : +2 : ∂c(z)b(z) : − : ∂b(z)c(z) : +LJ(z)



The current associated with the abelian gauge transformation is

J(z) = −P (z) = −
8∑

j=1

: Y j(z)Zj(z) : = −
8∑

j=1

∑
m

ajmz
−m−1 = −

∑
m

amz
−m−1

[aim, Z
j
n] = −Zjm+nδ

ij , Xj(z) = qj0+a
j
0 log z−

∑

n 6=0

1
n
ajnz

−n, Zj(z) =: e−X
j(z) :

Gauge transformation with winding number d:

g(z) = zde−
P

n fnz
−n

, Ug = edq0e
P

n f−nan , UgZ(z)U−1
g = g(z)Z(z)

〈0|UgV1(z1)V2(z2) . . . Vn(zn)|0〉 = 〈0|edq0V1(z1)V2(z2) . . . Vn(zn)|0〉 Tree

tr
(
UgV1(z1)V2(z2) . . . Vn(zn)wL0

)
= tr

(
edq0ef0a0V1(z1)V2(z2) . . . Vn(zn)wL0

)
Loop



e±q0 =
8∏

j=1

e±q
j
0 , Zjn+de

dq0 = edq0Zjn, [ai0, q
j
0] = ±δij for fermions/bosons

Scalar products

fermions:

〈0|Z0|0〉 = 1 =
∫
dZ0Z0, Z0|0〉 = e−q0 |0〉, 〈0|edq0Z−d . . . Z0|0〉 = 1

(Tree amplitude will vanish unless number of negative helicity modes is d+ 1).

bosons:

〈0|f(Z0)|0〉 =
∫
f(Z0)dZ0, or, equivalently, 〈0|eikZ0 |0〉 = δ(k)

〈0|edq0 exp



i

d∑

j=0

kjZ−j



 |0〉 =

d∏

j=0

δ(kj)



Physical state |Ψ〉 = f(Z0)JA−1|0〉
Gluon vertex operator V (Ψ, z) = f(Z(z))JA(z) describes the dependence

on the mean position of the string in twistor superspace Z ′ = (πa, ωa, θM ):

W (z) =
∫ 2∏

a=1

δ(kλa(z)− πa)δ(kµa(z)− ωa)
4∏

M=1

(kψM (z)− θM )
dk

k

Multiply by polarizations: A(θ) = A+ + θ1θ2θ3θ4A−
Fourier transform on ωa, integrate over θM , then

V A− (z) =
∫
dkk3

2∏
a=1

δ(kλa(z)−πa)eikµa(z)π̄aJA(z)ψ1(z)ψ2(z)ψ3(z)ψ4(z)

and

V A+ (z) =
∫
dk

k

2∏
a=1

δ(kλa(z)− πa)eikµ
a(z)π̄aJA(z)



The n-point gluon tree amplitude in instanton sector d is

Atree
n =

∫
〈0|edq0V A1

ε1 (z1)V A2
ε2 (z2) . . . V An

εn (zn)|0〉
n∏
r=1

dzr

/
dγMdγS

dγM is the invariant measure on the Möbius group

dγS is the invariant measure on the group of scale transformations on Z

MHV amplitudes (d = 1):

〈0|eq0V A1− (z1)V A2− (z2)V A3
+ (z3) . . . V An

+ (zn)|0〉

Because Y I does not occur in V A(z), replace ZI(z) by ZI0 + zZI−1.

Use single trace current algebra tree amplitude fA1A2...An

(z1−z2)(z2−z3)...(zn−z1) ,

Atree
−−+...+ = δ4(πraπ̄rb)

〈1, 2〉4fA1A2...An

〈1, 2〉〈2, 3〉 . . . 〈n, 1〉



Penrose spinors :

< rs >= πarπra, [rs] = π̄ȧr π̄rȧ, praȧ = πraπ̄rȧ.

Polarizations A−1 A
−
2 A

+
3 . . . A

+
n : ε+r = A+

r s̄raπ̄rȧ, ε−r = A−r πrasrȧ

(Vectors srȧ and s̄ra defined such that πr
as̄ra = 1 and π̄ȧr srȧ = 1, eg.

s̄3b
∑3
r=1 π

b
rπ̄
ḃ
r = 0 implies s̄3bπ

b
1 = [23]/[12].)

d = 0

ε−1 · ε+2 ε+3 · p1 + ε+2 · ε+3 ε−1 · p2 + ε+3 · ε−1 ε+2 · p3

= A−1A+2A+3 (πb1s̄
a
2 s̄3bπ1aπ̄

3ḃπ̄2ḃ) = A−1A+2A+3
[23]3

[12][31]
.



Path integral quantization:

Atree =
∑

d=1

∫
DZI δ((∂z̄ − iAz̄)ZI)

·
∫ n∏

i=1

dzi

∫
DφGe

−SGJA1(z1)JA2(z2) . . . JAn(zn)

·
n∏
r=1

dkr
kr

∏
r,a

δ(πar − krλ
a(zr)) eikrµ

a(zr)π̄ra

· [A+r + k4
rψ

1(zr)ψ2(zr)ψ3(zr)ψ4(zr)A−r
] /

dγMdγS .

In a gauge where the potentials are zero, the path satisfies ∂z̄Z
I = 0.

For d = 1, ZI(z) = ZI0 + ZI1z.

Replace DZI δ((∂z̄ − iA
(d=1)
z̄ )ZI) with

∏8
I=1 dZ

I
0dZ

I
1 .



Loop Amplitude

•Aloop
n,d =

∫
Aλµn,dAψn,dAJ

A

n Aghost df0 dτ

2πImτ

n∏
r=1

ρrdνr, ρr = e2πiνr , w = e2πiτ

Twistor bosonic contribution:

Aλµn,2 =
∫

tr

(
e2q0ua0

n∏
r=1

exp {ikrλa(ρr)ω̄ra + ikrµ
a(ρr)π̄ra}wL0

)

×
n∏
r=1

dkr
kr

2∏
a=1

e−iω̄raπr
a

dω̄ra/dγS

Bosonic trace formula:

tr


edq0ua0

n∏

j=1

eiωjZ(ρj)wL0


 = u(d+1)/2

d∏

i=1

δ




n∑

j=1

F di (ρ̂j , w)ωj




where ρ̂j = u−
1
2 ρj = e2πiν̂j , ν̂j = νj + if0/4π, u = ef0 .



where

F dk (ρ,w) = ρd/2wd/8−k/4 θ
[
2k/d− 1

0

]
(−dν, dτ)

F 2
1 (ρ,w) = ρθ3(2ν, 2τ), F 2

2 (ρ,w) = w−
1
4 ρθ2(2ν, 2τ).

Expressing the second delta functions as Fourier transforms on λ̃ai ,

Aλµn,2 = u6

∫ 2∏

i,a=1

δ

(∑
r

krF
2
i (ρ̂r, w)π̄ra

)

× exp

(
i
n∑
r=1

2∑
a=1

[
2∑

i=1

krλ̃
a
i F

2
i (ρ̂r, w)ω̄ra − iω̄raπr

a

])
2∏
a=1

d2λ̃a
n∏
r=1

dkr
kr

2∏
a=1

dω̄ra/dγS



Performing the kr integrations,

Aλµn,2 = δ4(Σπrπ̄r)u6

∫
(λ̃1

1λ̃
2
2−λ̃1

2λ̃
2
1)

2
n∏
r=1

1
πr1

δ
(
ξ̃(ν̂r, τ)πr1 − πr

2
) 2∏
a=1

d2λ̃a/dγS

Use the delta functions δ
(
ξ̃(ν̂r, τ)πr1 − πr

2
)

to do the integrations over νr ,

ξ̃(ν̂r, τ) ≡ λ̃2
1ξ(ν̂r, τ) + λ̃2

2

λ̃1
1ξ(ν̂r, τ) + λ̃1

2

=
π2
r

π1
r

, for ξ(ν̂r, τ) =
F 2

1 (ρ̂r, w)
F 2

2 (ρ̂r, w)
=

θ3(2ν̂r, 2τ)
w−

1
4 θ2(2ν̂r, 2τ)

≡ ξr

From the bilinear transformation ξr → π2
r/π

1
r , the invariant measure γS :

d2λ̃a

(λ̃1
1λ̃

2
2 − λ̃1

2λ̃
2
1)2

=
dξ1dξ2dξ3

(ξ1 − ξ2)(ξ2 − ξ3)(ξ3 − ξ1)
dγS ,

•Aloop
n,2 =

〈1, 2〉4δ4(Σπrπ̄r)
〈1, 2〉〈2, 3〉 . . . 〈n, 1〉

∫
(ξ3 − ξ4)
(ξ3 − ξ1)

[
n∏
r=4

(ξr − ξr+1)
ξ′r

]
AJA

n AghostρΠdν1dν2dν3
df0dτ

2πImτ



Twistor fermionic contribution:

Aψn,2 = k4
1k

4
2 tr

(
e2q0ua0(−1)a0ψ1(ρ1)ψ2(ρ1)ψ3(ρ1)ψ4(ρ1)ψ1(ρ2)ψ2(ρ2)ψ3(ρ2)ψ4(ρ2)wL0

)

Ghost contribution to the loop integrand:

Aghost = η(τ)4

The partition function for a general fermionic “b, c” system with conformal

dimensions λ and 1− λ respectively is

tr
(
b0c0ω

L0− c
24 (−1)F

)
= ω−

c
24ω

1
2λ(1−λ)

∞∏
n=1

(1−ωn)2 = ω
1
12

∞∏
n=1

(1−ωn)2 = η(τ)2

c = 12λ(1− λ)− 2

L(z) = −λ××b(z)c′(z)×× + (1− λ)××b
′(z)c(z)××



Current algebra tree:

〈0|Ja1(z1)Ja2(z1) . . . Ja4(z4)|0〉 =
σa1a2a3a4

(z1 − z2)(z2 − z3)(z3 − z4)(z4 − z1)
+perm

Current algebra loop:

tr
(
Ja(ρ1)Jb(ρ2)Jc(ρ3)Jd(ρ4)wL0

)
ρ1ρ2ρ3ρ4

=
{
δabδcd

(
k2χ(τ) [(χ12

F )2 + f(τ)][(χ34
F )2 + f(τ)]− χ(2)(τ)2/χ(τ)

)
+ perm

}

+tr(Ja0 J
b
0J

c
0J

d
0w

L0)S − 1
16

(σabcd)S

−
(
σabcd 1

2χ(τ)
{
χ12
F χ

23
F χ

34
F χ

41
F +

f(τ)
8π2

[
(ζ12 + ζ23 + ζ34 + ζ41)2

−P12 − P23 − P34 − P41

]}
+ perm

)

where

σabcd = tr(T aT bT cT d)



χ(τ) = trwL0 , tr(Ja0 J
b
0w

L0) = δabχ(2)(τ), f(τ) =
χ(2)(τ)
kχ(τ)

+
θ′′3 (0, τ)

4π2θ3(0, τ)

χijF = χF (νj − νi, τ) ζij = ζ(νj − νi, τ),

χF (ν, τ) =
i

2
θ2(0, τ)4θ4(0, τ)4

θ3(ν, τ)
θ1(ν, τ)

ζ(ν, τ) =
θ′1(ν, τ)
θ1(ν, τ)

− ν
θ′′′1 (0, τ)
θ′1(0, τ)

P (ν, τ) = −ζ ′(ν, τ) = −4π2χ2
F (ν, τ) +

π2

3
(θ2(0, τ)4 − θ2(0, τ)4).



Twistor string loop

Aloop
4,2 = − 〈1, 2〉4δ4(Σπrπ̄r)

〈1, 2〉〈2, 3〉〈3, 4〉〈4, 1〉
s

t

∫
δ

(
(ξ1 − ξ2)(ξ3 − ξ4)
(ξ1 − ξ4)(ξ3 − ξ2)

+
s

t

)

·AJA

4 η(τ)4
4∏
r=1

ρrdνr
df0dτ

2πImτ

where

ξr = θ3(2ν̂r, 2τ)/θ2(2ν̂r, 2τ),

ν̂r = νr + if0/4π.

〈1,2〉〈3,4〉
〈1,4〉〈3,2〉 = − s

t

AJA

4 is the current algebra loop.


