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EXAMPLE 1 (trivial). f_, fy : Z — 7Z,

gi(@)=a+1, g () =max(0,x—1),

Gab(T) = a + max(z,b)
fora,beZ, b>0, a+b>0.




EXAMPLE 3. h_,hy : Z+ % - Z+ 3,

forz € (Z+ %) N(0,00),

hi(—2) = ~hs(a).

(zr;+a for x > b,

T —a for x < —b,

(=)= %(a+b) for —b<x <b; /

\

b,a+b e (Z+%)ﬂ(0,oo):{%,%,g,...

In fact, |hgp(z)| — % = Gab(|7| — %)




Algebraically:

semigroup generators relations

G f= i+ Jofe=1=f4/-
G 9—> 9+ 9+9- =1
G he . hoh —1

fo=f$ or fZ° for a € Z;

Gap =g g5 for a,b €Z, b >0, a+b>0;

the same for hg 3.
(G1 is commutative; Gy and (3 are isomorphic, noncommutative.

Example 1: a representation of (G;1; Example 2: a representation of Go;
Example 3: a two-sheeted representation of GGo7 What about three-sheeted?




Random walk in a semigroup G with given generators x_, x:

En(wr,wa,...) =Xy, ... T, forwi,wy, -+ ==+l1.

Perturbation:

€n=5n(w1,---), gv,zgn(wlla'“)a

+1 for k ¢ A,
Ewpw), = ork ¢ ;. |A] = en. Ewrw; = 0 for k # L.
0 for k € A;

left

n

right

middle

scattered

Equivalent in the commutative case.




DEF. A function ¢ : G — R is n-stable if E|p(&,) — ¢(£))]? < € for all
ec{t 2 ... 1}

DEF. Metric p, on G (possibly +00):

pn(z,y) = sup{|eo(z) — p(y)| : ¢ is n-stable} .
Depends on A (left, ..., scattered), unless GG is commutative.
EXAMPLE 1 (commutative; G; = {f,:a € Z} =2 7Z)
pn(fa,a fa-|-2) — 0 asn — OC;

pn(fa,a fa-l—l) = OQ.

X

o(x) = const = is n-stable.

Roughly, an n-stable function of f, € GGy is a continuous function of a//n

and (—1)%.

And no wonder; &, = f, with a + n € 27 always.




EXAMPLE 2 (noncommutative; Ga = {gap : @,0 € Z,b > 0,a+ b > 0})

£n = gap With n + a € Z always (but b can be of any parity).

A= 1 : an n-stable function of g, € G2 is a continuous
function of a/y/n and (—1)%, but arbitrary function of b.

A= 1 : ... continuous function of (a — b)/y/n and (—1)%7°,
but arbitrary function of a + b.

A= O O : continuous function of a//n, b/y/n, (—1)® and (—1).

A= == ] : the same.

A = COEIE—EEW : continuous function of a//n, b/\/n and (—1)%.

Just two-sheeted! (representation of G3)

Different modes of perturbation lead to different scaling limits.




_ , scaling , _
discrete time continuous time

limit
n-stable?

| e -1 -JH

yes classical
no nonclassical

not at all

classical (Brownian motion, white noise)

nonclassical (Warren’s noise of splitting)

not at all




Homomorphism G5 — Gy,

g—— J-,

g+ — f+,

b b b b
Jab = 9295 = 2140 = fa.

Random walk in Go,
Gy - - -

and in Gl,
fw1-°-fwn :fana

related:

b, =0 —min(ag,...,ay,),

an + b, = a, — min(ag, ..., a,)




Scaling limit:

ak k . .
— - w| — ), w = Brownian motion,
\/ﬁ n

bk

— — — min w(-),

VN 0,k /n]
(—1)P = (=1)VRminton/m w0) 7

Warren’s noise of splitting:

Brownian paths with independent M M
m ¢ o

random signs attached to local minima.

(countable, dense)




