
1

Limit Theorems in Nonextensive 

Statistical Mechanics

Sabir Umarov, National University of Uzbekistan

Constantino Tsallis, Santa Fe Institute, NM and CBPF, Brazil

Stanly Steinberg, University of New Mexico

Murray Gell-Mann, Santa Fe Institute, NM



2

CENTRAL LIMIT THEOREMS 

(Gauss, Levy-Gnedenko, q-CLTs)
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Contents

• q-generalization of the classic 

central limit theorem

• q-generalization of the classic 

α-stable Levy distributions
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Classic CLT

� density function of N(0,1) is a 
Gaussian G(x), i.e. the  
attractor is a Gaussian

� the normal distribution is stable

� The Gaussian maximizes 
Boltzmann-Gibbs entropy

under natural constraints
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Theorem. Assume a sequence of 
identically distributed random 
variables X1,…,XN

1) are independent 

2) have a finite variance 

σ2 < ∞∞∞∞

Then the scaled sum

where N(0,1) is the normal 

distribution with the mean 0 and the  

variance σ2 =1.
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q-generalization of SBG(f)

• q-entropy

• Sq→SBG, if q→1.

• q-Gaussian
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q-mathematics

• q-sum

• q-product
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CLT does not hold for strongly correlated random variables on 

the basis of the classic algebra
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q-sum and q-product are 

both 

� commutative,

� associative,

� recovers usual              

operations,  if q=1.
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q-Fourier transform
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Definition:

If  q≥1, then                 exists for all  

If  q<1, then                 exists for                        satisfying the 
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Properties of q-FT
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Properties of q-FT

sequence qn=z(qn-1):

1. If q=1, then

2.

3.

4.
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q-correlation

Two random variables X and Y are called to be 

q-correlated, if

or equivalently

Note: if q=1 then 
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q-central limit theorem (k=0)

Theorem. Assume a sequence of identically distributed random 
variables 

X1,…,XN

1) are q-correlated 

2) have a finite (2q-1)-variance σ2q-1 < ∞∞∞∞

Then the sum

The corresponding attractor is q-1-Gaussian, with
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q-central limit theorem (∀k)

Theorem. Let {…, q-1, q, q1, …} is given as above.

Assume a sequence of identically distributed random variables 

X1,…,XN

1) are qk-correlated for some integer k; 

2) have a finite (2qk -1)-variance σ2q-1 < ∞∞∞∞

Then the sum

The corresponding attractor is qk-1-Gaussian, with
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q-central limit theorem: schematic illustration
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Some parallels and applications

1) Triplet (qk-1,qk,qk+1) with:

• qk-1 is the index of attractor

• qk is the index of correlation

• qk+1 is the index of scaling rate

q-triplet in nonextensive sttistical mechanics: 

(qsens, qrelax, qst.state)
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Some parallels and applications

2) Moyano,Tsallis,Gell-Mann. Europhys. Lett (2006)

q-correlated variables with              -Gaussian 

(attractor) was obtained numerically

This follows from q-CLT: k=-1⇒

3) Tsallis,Bukman. Phys. Rev. 1996 (Nonlinear Fokker-Planck)

Scaling rate                         obtained subject to finite q-variance

This follows from q-CLT: k=1⇒
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(q,α)-stable distributions

Definition.

Theorem. Let    X1, X2,…, XN be a sequence of q-correlated random 

variables with a symmetric density

Then the sum
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Fq-description
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Fq-description
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Fq-description
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Fq-description
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Fq-description
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Sequence qα,n, q
*
α,n:

Properties:
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Fz(q)-description
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Full description
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Again some parallels and 

applications

Triplet 

Fractional F-P (conjecture) k=1:               
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Summary


