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Limit theorems

(Y,B, ν) - measure space with ν(Y ) = 1

T : Y → Y - transformation preserving the measure ν

h : Y → R - measurable function

Question:

Are there sequences bn > 0, cn, and a non-degenerate

random variable η such that

1

bn

n−1∑
j=0

h ◦ T j − cn →d η?

ηn →d η :⇐⇒ lim
n→∞

∫
Z

f (z)µn(dz) =

∫
Z

f (z)µ(dz), f ∈ C(Z)

ηn, η - random variables with values in a metric space Z and

distributions µn, µ
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Functional limit theorems

Define the process {wn(t) : t ∈ [0, 1]} by

wn(t) =
1

Bn

[nt]−1∑
j=0

h ◦ T j − C[nt] for t ∈ [0, 1], n ≥ 1.

Is there a process W such that the sequence wn converges

weakly to W
wn(·)→d W(·)?
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Functional limit theorems

Define the process {wn(t) : t ∈ [0, 1]} by

wn(t) =
1

Bn

[nt]−1∑
j=0

h ◦ T j − C[nt] for t ∈ [0, 1], n ≥ 1.

Is there a process W such that the sequence wn converges

weakly to W
wn(·)→d W(·)?

Perron-Frobenius operator

PT : L1(Y,B, ν)→ L1(Y,B, ν) :

for all f ∈ L1(Y,B, ν), g ∈ L∞(Y,B, ν)∫
PT f (y)g(y)ν(dy) =

∫
f (y)g(T (y))ν(dy).
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’Standard’ central limit theorems

Theorem 1. Let h ∈ L2(Y,B, ν) be such that PTh = 0.

Then

1
√
n

[n·]−1∑
j=0

h ◦ T j →d
√
E(h2|I)w(·),

where I is the σ-algebra of T -invariant sets and w is a

standard Brownian motion independent of E(h2|I).

Note:

PTh = 0 =⇒
∫
h(y)ν(dy) = 0;

T -ergodic =⇒
√
E(h2|I) = ‖h‖2.
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Example. Consider T : [0, 1]→ [0, 1]

T (y) =


2y, y ∈ [0, 1

4
)

2y − 1
2
, y ∈ [1

4
, 3
4
),

2y − 1, y ∈ [3
4
, 1].

0.0 0.5 1.0
0.0

0.5

1.0

ν - Lebesgue measure

T - not ergodic: T−1([0, 1
2
]) = [0, 1

2
] and T−1([1

2
, 1]) = [1

2
, 1]

The Perron-Frobenius operator

PT f (y) =
1

2
f

(
1

2
y

)
1[0, 1

2
)(y)+

1

2
f

(
1

2
y +

1

4

)
+
1

2
f

(
1

2
y +

1

2

)
1[ 1
2
,1](y).
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Let

h(y) =



1, y ∈ [0, 1
4
)

−1, y ∈ [1
4
, 1
2
),

−2, y ∈ [1
2
, 3
4
),

2, y ∈ [3
4
, 1].
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−2

−1

0

1

2

y

Then PTh = 0 and E(h2|I) = 1[0, 1
2
] + 41[ 1

2
,1].
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The density of
√
E(h2|I)w(t) equals to

1

2

1√
2tπ

exp

(
−
x2

2t

)
+
1

2

1√
8tπ

exp

(
−
x2

8t

)
, x ∈ R.
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When the problem can be reduced to Theorem 1?

Theorem 2. Let h ∈ L2(Y,B, ν) be such that
∫
h(y)ν(dy) = 0.

Suppose that
∞∑
n=1

n−
3
2

∥∥∥ n∑
k=1

PkTh
∥∥∥
2
<∞. (1)

Then

1
√
n

[n·]−1∑
j=0

h ◦ T j →d
√
E(h̃2|I)w(·),

where h̃ ∈ L2(Y,B, ν) is such that

PT h̃ = 0 and
1
√
n

∥∥∥n−1∑
j=0

(h − h̃) ◦ T j
∥∥∥
2
→ 0. (2)

Note:

If
∞∑
n=1

1
√
n

∥∥PnTh∥∥2 <∞ then (1) holds.



Statistical Limit Theorems for non-invertible transformations, Marta Tyran-Kamińska

Sufficient decay of correlations =⇒ condition (1)∣∣∫ f (y)g(T n(y))ν(dy)− ∫
f dν

∫
gdν

∣∣ ≤ l(n)‖f ‖L1‖g‖L2
• coupling method: [Young, 1998, Young, 1999]

L1 - Hölder continuous functions, L2 = L∞

||PnTh||1 ≤ l(n)‖h‖L1
Note:

||h||1 ≤ ||h||2 ≤ ||h||∞

||PnTh||2 ≤ ||h||1/2∞ ||PnTh||
1/2
1

• Birkhoff metrics: [Liverani, 1995]

• estimates in BV norms
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Example. T is ergodic and cyclic: Y = Y1 ∪ . . . ∪ Yr ,
T (Yi) = Yi+1, i = 1, . . . , r − 1, T (Yr ) = Y1.

Let h ∈ L2(Y,B, ν) be such that
∫
h(y)ν(dy) = 0 and∥∥∥∥n−1∑

k=0

P rkT hr
∥∥∥∥
2

= O(1), where hr =

r−1∑
k=0

h ◦ T k .

Then

1
√
n

[n·]−1∑
j=0

h ◦ T j →d σw(·), where

σ2 =

∫
Y1

h2r (y)ν(dy) + 2

∞∑
j=1

∫
Y1

hr (y)hr (T
r j)ν(dy);

σ = 0⇐⇒ hr = f ◦ T r − f for some f .

[Melbourne and Nicol, 2004] PT quasi-compact on L
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α-stable random variable

ηα is said to be α-stable for some α ∈ (0, 2) if it has

characteristic function

Ee iθηα =

 exp(iθa − σα|θ|α(1− iβsign(θ) tan(πα/2))), α 6= 1,

exp(iθa − σα|θ|(1 + iβ(2/π)sign(θ) ln(θ)), α = 1.
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h is in a domain of attraction of an α-stable law

ν(|h| > x) ∼ x−αL(x), x →∞,

where α ∈ (0, 2), L is a slowly varying function at ∞ and

lim
x→∞

ν(h > x)

ν(|h| > x)
= p and lim

x→∞

ν(h < −x)
ν(|h| > x)

= q

with 0 ≤ p ≤ 1 and p + q = 1.

Let bn be such that

lim
n→∞

nν(|h| > bn) = 1. (3)

Then

nν(b−1n h ∈ ·)→v λα(·), where

λα(dx) =
(
pαx−α−11(0,∞)(x) + qα(−x)−α−11(−∞,0)(x)

)
dx.
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Assumptions:

(C1) T is ergodic.

(C2) h is in a domain of attraction of an α-stable law with

α ∈ (0, 2)

(C3) for every set V which is a finite sum of disjoint and

separated from 0 intervals of the form (c, d]

lim
n→∞

ν(τh−1(bnV ) ≥ n) = exp(−λα(V )), (4)

where τA(y) = inf{k ≥ 1 : T k(y) ∈ A}.

Note:

Let Un = h−1(bnV ). Then ν(Un) −−−→
n→∞

0 and

(4)⇐⇒ lim
n→∞

ν
(
τUn ≥

t

ν(Un)

)
= exp(−t)
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Convergence to α-stable random variable ηα

Theorem 3. Assume (C1)-(C3).

(i) If 0 < α < 1, then
1

bn

n−1∑
j=0

h ◦ T j →d ηα.

(ii) If 1 ≤ α < 2 and for all ε > 0

lim
δ→0
lim sup
n→∞

ν(|Sn(0, δ]− ESn(0, δ]| > ε) = 0, (5)

where Sn(0, δ] = b−1n
∑n−1
j=0 (1|h|−1((0,δbn])h) ◦ T j , then there is cn

1

bn

n−1∑
j=0

h ◦ T j − cn →d ηα.
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Convergence to α-stable random variable ηα

Theorem 3. Assume (C1)-(C3).

(i) If 0 < α < 1, then
1

bn

n−1∑
j=0

h ◦ T j →d ηα.

(ii) If 1 ≤ α < 2 and for all ε > 0

lim
δ→0
lim sup
n→∞

ν(|Sn(0, δ]− ESn(0, δ]| > ε) = 0, (5)

where Sn(0, δ] = b−1n
∑n−1
j=0 (1|h|−1((0,δbn])h) ◦ T j , then there is cn

1

bn

n−1∑
j=0

h ◦ T j − cn →d ηα.

Remark. Extensions of (4) and (5) lead to functional limit

theorem with α-stable process in the limit.
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Example. Tent map

T (y) = 1− 2|y |, y ∈ [−1, 1], ν- normalized Lebesgue measure

on [−1, 1],

PTh(y) =
1

2
h

(
y − 1
2

)
+
1

2
h

(
1− y
2

)
.

h(y) = −h(−y), y ∈ [−1, 1] =⇒ PTh = 0.

Let h(y) = yγ, y > 0 and h(−y) = −h(y):

2γ + 1 > 0 =⇒
1
√
n

[n·]−1∑
j=0

h ◦ T j →d
1

√
2γ + 1

w(·),

2γ + 1 < 0 =⇒
1

n−γ

[n·]−1∑
j=0

h ◦ T j →d X− 1
γ
(·),

Xα - symmetric α-stable process
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