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SANTOS THEOREM: RJV Santos, J Math Phys 38, 4104 (1997)

(q - generalization of Shannon 1948 theorem)
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ABE THEOREM: S Abe, Phys Lett A 271, 74 (2000)

(q - generalization of Khinchin 1953 theorem)
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LOGISTIC MAP:

2
1 1     (0 2;  1 1; 0,1,2,...) t t tx a x a x t+ = − ≤ ≤ − ≤ ≤ =

(strong chaos, i.e., positive Lyapunov exponent)

V. Latora, M. Baranger, A. Rapisarda and C. T., Phys. Lett. A 273, 97 (2000)
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CASATI-PROSEN TRIANGLE MAP [Casati and Prosen, Phys Rev Lett 83, 4729 (1999) and 85, 4261 (2000)]
(two-dimensional, conservative, mixing, ergodic, vanishing maximal Lyapunov exponent)

G. Casati, C. T. and F. Baldovin, Europhys. Lett. 72, 355 (2005)



[G. Casati, C.T. and F. Baldovin, Europhys Lett 72, 355 (2005)]
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EQUIVALENTLY:



100

90

80

70

60

50

40

30

20

10

0
1009080706050403020101

N
S p q=1.0

q=0.9

q=1.1

(b) 20

10

0
20101

N
S p

q=1.0

q=0.9

q=1.1

(c)

100

90

80

70

60

50

40

30

20

10

0
1009080706050403020101

N
S p

q=1.0

q=0.9

q=1.1

(a)

1. .,  
1 SY
 

STEM
  (

S
)   ( )i e such that

q
S N N N∝ →∞

=

.0  
 

 

 

1/ 2

N
Np p

with p

Stretched exponential
α

α

⎛ ⎞=
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟= =⎝ ⎠

,0  
   

 

 1/ 2

 
N

Np p

N independen

with p

t coins

⎛ ⎞=
⎜ ⎟
⎜ ⎟
⎜ ⎟=⎝ ⎠

,0

 
1 

1N

Leibnitz triangle

p
N

⎛ ⎞=⎜ ⎟+⎝ ⎠

(All three examples strictly satisfy the Leibnitz rule)
C.T., M. Gell-Mann and Y. Sato                     
Proc Natl Acad Sc USA 102, 15377 (2005) 



C.T., M. Gell-Mann and Y. Sato                      
Proc Natl Acad Sc USA 102, 15377 (2005) 

Asymptotically scale-invariant (d=2)

d+1

(It asymptotically satisfies the Leibnitz rule)
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q - CENTRAL LIMIT THEOREM:
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q - CENTRAL LIMIT THEOREM (conjecture)



D. Prato and C. T, Phys Rev E 60, 2398 (1999)

q-GAUSSIANS:



q - CENTRAL LIMIT THEOREM  (q-product and de Moivre-Laplace theorem):
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q - CENTRAL LIMIT THEOREM: (numerical indications)
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q - GENERALIZED CENTRAL LIMIT THEOREM: (mathematical proof)

S. Umarov, C.T. and S. Steinberg [cond-mat/0603593]
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BOLTZMANN-GIBBS STATISTICAL MECHANICS
(Maxwell 1860, Boltzmann 1872, Gibbs ≤ 1902)

Entropy

Internal energy

Equilibrium
distribution

Paradigmatic
differential 
equation

1

W

B G i i
i

U p E
=

= ∑
1

ln
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B G i i
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j
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E
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j
Z e β−

=

⎛ ⎞
≡⎜ ⎟
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d x
y

⎫= ⎪ ⇒⎬
⎪= ⎭

x a y(x)
Equilibrium distribution Ei -β Z p(Ei)
Sensitivity to
initial conditions t λ
Typical relaxation of 
observable Ο t -1/τ

SBG → extensive, concave, Lesche-stable, finite entropy production
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Δ
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NONEXTENSIVE STATISTICAL MECHANICS
(C. T. 1988, E.M.F. Curado and C. T. 1991, C. T., R.S. Mendes and A.R. Plastino 1998)

Entropy

Internal energy

Stationary state
distribution

Paradigmatic
differential 
equation

x a y(x)
Stationary state 
distribution

Ei

Sensitivity to
initial conditions t
Typical relaxation of 
observable Ο t
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Sq → extensive, concave, Lesche-stable, finite entropy production  
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C. T., Physica A 340,1 (2004)

(typically 1)statq ≥



Prediction of the Prediction of the q q -- triplet:triplet: C. T., Physica A 340,1 (2004)



L.F. Burlaga and A. F.-Vinas (2005) / NASA Goddard Space Flight Center; Physica A 356, 375 (2005)

[Data: Voyager 1 spacecraft (1989 and 2002); 40 and 85 AU; daily averages]

SOLAR WIND: Magnetic Field Strength
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C.T., M. Gell-Mann and Y. Sato                      
Proc Natl Acad Sc USA 102, 15377 (2005) 



                
  

Connections with
asymptotically scale free networks−



(1) Locate site i=1 at the origin of say a plane 

(2) Then locate the next site with

(3) Then link  it to only one of the previous sites using

2

(        )

1/   ( 0)          G
G G

r distance to the baricenter of the pre existing cluster

P r α α+

≡ −

∝ ≥

4) Repeat
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                     (      )

                      (    )

/   ( 0)              A
i i A

i

i

k links already attached to site i

r distance to site i

k rp α α
≡

≡

∝ ≥

GEOGRAPHIC PREFERENTIAL ATTACHMENT GROWING NETWORK:
D.J.B. Soares, C. T. , A.M. Mariz and L.R. Silva, Europhys Lett 70, 70 (2005)



G

                     

( 1; 1; 250)A Nα α= = =

D.J.B. Soares, C. T. , A.M. Mariz and L.R. Silva        
Europhys Lett 70, 70 (2005)
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D.J.B. Soares, C. T. , A.M. Mariz and L.R. Silva        
Europhys Lett 70, 70 (2005)
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The solution of
p x t p x tD p x q

t x
is given by

p x t q x t e D

hence

x scales like t e g x t

with

Γ

γ γ

δ

Γ Γ
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−− −

∂ ∂
= = <

∂ ∂

⎡ ⎤∝ + − ≡ ∝⎣ ⎦

∝

2                                  
3 q

γ =
−

PREDICTION:

C.T. and D.J. Bukman, Phys Rev E 54, R2197 (1996)



Hydra viridissima: A. Upadhyaya, J.-P. Rieu, J.A. Glazier and Y. Sawada  
Physica A 293, 549 (2001)

q=1.5
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slope
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q

γ
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Defect turbulence:
K.E. Daniels, C. Beck and E. Bodenschatz,  Physica D 193, 208 (2004)



K.E. Daniels, C. Beck and E. Bodenschatz,  Physica D 193, 208 (2004)

21.5    4 / 3        
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q and are consistent with
q

γ γ≈ ≈ =
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XY FERROMAGNET WITH LONG-RANGE INTERACTIONS:

A. Rapisarda and A. Pluchino, Europhys News 36, 202 (2005) 
(European Physical Society)



COLD ATOMS IN DISSIPATIVE OPTICAL LATTICES:

Theoretical predictions by E. Lutz, Phys Rev A 67, 051402(R) (2003):

(i)  The distribution of atomic velocities is a q-Gaussian;

(ii)   
0

0
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                                                   potential depth
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Experimental and computational  verifications
by P. Douglas, S. Bergamini and F. Renzoni, Phys Rev Lett 96, 110601 (2006)

(Computational  verification:
quantum Monte Carlo simulations)                    (Experimental verification)
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