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Weak solutions

2 (—1)|O‘|8a(aa585u) = F (a measure)
|, |B]<m

Elu,¢] = 3 [anp(9pu)(Oad)dz= F(9),

|af,|B]|<m
V¢ € D - test functions

Green function G : €[G(-,z), 9] = ¢(x), Vo € D

Super-harmonic u : E[u, $] > 0, Vo € DT



The Fukushima construction
m - a full support measure

(£,D) - a closable Markov form in L2(m),
associates Markov SG P; on LP(m), p € [1, o0]

P, is transient
& Vfe L}I_(m) : Gf = [§° Pif dt < oo m-a.e.

m(sf) ~m(ePrf) (> m(of)
— /OTS[Ptf,(b]dt <—> 5[/000 Ptfdt,qu

dg € L1(m), g > 0 m-a.e.: /&[] > [|o|dm,
Vo € D

Fukushima: transience (recurrence) depends
of measure m.



Examples

Q c RY smooth bdd connected

E(u) ‘= [q|Vul|?dz, Do = HE(2), D1 = HY(Q).
A be the N-dim Lebesgue measure on 2

QNN

H! is recurrent wr to any reference measure it
is closable.

H~ is transient wr to m = ).

O

HA~ is recurrent wr to m = \ + A.

O

H! and H} are not closable wr to m = A,
N > 3.



Philosophy: measure as a clocking device

Let mg s = Ay,

du_lA

Then dm = pdmg +— Ir u, i.e., t=

T
3

Fukushima: for m not charging sets of zero
capacity,

t = Tr(w):
B [ FOXAT: 5 m(f), 7 0

Xt(w) :
Eof(X¢) = Pof(2), P+ (€,D) on L?(mo).



Transient Dirichlet space(#,[-,])

Given: state space 2, B - Borel o-algebra on
Q, B(£2) - B-measurable functions of 2

1. ‘H is a separable Hilbert space.

2. ‘H is a ordered vector space
HT closed, HT N (—HT) = {0}.

3. H is a Stone lattice i.e. a vector lattice
with an order-convex sub-lattice H" ¢ HT
of " positive elements not exceeding the unit”.
HN is closed.

dense

4. H <+ D C B(£2), a Stone sub-lattice in
the pointwise order, generating B.

5. For all € H : ||(u™)M|ly < |||y



Stone lattice V

e vector lattice (= ordered vector space with
A,V operations);

e countable type (= a majorized family of
disjoint elements is at most countable);

e J order-convex sub-lattice VA ¢ V1 such
that:
0 = min V"\;
Vu € HT : Fu 1= sup{v € H", v <
Vu € HT <Va€R+: auG’H/\) = u = 0.



Daniell Stone integral

A Stone lattice allows for an abstract version
of the Lebesgue (Daniell-Stone) integral:

e order completion V (VT = limits of increas-
ing positive sequences) is an analog of the
measurable functions space;

e (V) = {supul(nu)ju € Vt} c V is a
(Boolean) o-algebra of " (indicators of ) sup-
ports of elements of V"

e Daniell-Stone theorem: an order continu-
ous positive linear functional on V is a pos-
itive measure on o(V).



Properties of a transient Dirichlet space
1. o(H) D B.

2. ST := (7—[*)+ separates points on H. They
are positive measures on o(#) satisfying
u(u) < cllully, ue DF

3. 3m € 8T of a full support. ([,],’HﬂL%m))

is a transient Dirichlet form in L2(m) in the
Fukushima sense.

4. The Green operator G is the Riesz isometry
H* — H restricted to (signed) measures on
o(H).



Construction

D C Ce(£2)

e Stone lattice with the pointwise order;

e dense in C.(2);

e Vv € DT Ju € D" such that Ve > 0
(u+ev))=u ("u=1 on suppv");

o [[(uMH < lully;

o for any |lunl|lyy = O, sup, ||vn|ly < oo:
0 <wvp <up=vn— 0 (weakly) in H.



