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F Graph Γ = R, o1 = 1, o2 = −1

F The operator Aα, α = (α+, α−)

• The differential expression

AU = AνU = −U ′′
x2 +

1

2
(−U ′′

q2+
+ q2+U)

+
1

2
(−U ′′

q2−
+ q2−U)

• Matching conditions:

[U ′x](±1, q+, q−) = α±q±U(±1, q+, q−).

• The decomposition U ∼ {um,n}

U(x, q+, q−) =
∑

m,n∈N0

um,n(x)χm(q+)χn(q−),

AU ∼ {Lm,num,n} ⇒

(Lm,nu)(x) = −u′′(x) + rm,nu(x), x 6= ±1;

(1)

rm,n = m + n + 1, m, n ∈ N0.
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• Matching conditions at x = ±1

[u′m,n](1)

=
α+√

2

(√
m + 1um+1,n(1) +

√
mum−1,n(1)

)
;

(2)

[u′m,n](−1)

=
α−√
2

(√
n + 1um,n+1(−1) +

√
num,n−1(−1)

)

(3)

• The domain Dα of Aα

An element U ∼ {um,n} lies in Dα if and only if

1. um,n ∈ H1(R) for all m, n.

2. For all m, n the restriction of um,n to each

interval (−∞,−1), (−1,1), (1,∞) lies in H2

and moreover,
∑
m,n

∫

R
|Lm,num,n|2dx < ∞.

3. The conditions (2) and (3) are satisfied.
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F Theorem 1

For all α+, α− ≥ 0,Aα is self-adjoint

F Theorem 2

1. α± <
√

2 ⇒ σa.c(Aα) = [1,∞)

2. α+ =
√

2, α− <
√

2(or α− =
√

2, α+ <
√

2)

⇒ σa.c(Aα) = [1/2,∞)

3. α+ = α− =
√

2 ⇒ σa.c(Aα) = [0,∞)

4. max(α+, α−) >
√

2 ⇒ σa.c(Aα) = R
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F Theorem 3

1. α± <
√

2 ⇒ Aα is bounded below and its

spectrum in (−∞,1) is non-empty and fi-

nite.

2. Let

ΩΨ := {(x, y) : Ψ(x) ≤ y ≤ 1, Ψ(y) ≤ x ≤ 1} ,

where

Ψ(t) = e−ψ(t), ψ(t) = o(t−1/4), t → 0.

Then,

N− (1;Aα) ∼ 1

4
√

2

√
α+√

2− α+

+
1

4
√

2

√
α−√

2− α−
, (4)

α± ↑
√

2. (5)

uniformly for (1−α+/
√

2,1−α−/
√

2) ∈ ΩΨ.
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F Proof of Theorem 1

To prove

AαV = ΛV, (Λ ∈ C±) ⇒ V = 0

• V ∼ {vm,n}, rm,n = m + n + 1,

vm,n(x) = r
1/4
m,n{C+

m,nφ+
m,n(x) + C−m,nφ−m,n(x)}

where {φ+
m,n, φ−m,n} is a basis of F := {v : −v′′+

ζ2v = 0, v ∈ L2(R)}, with ζ2 = rm,n − Λ =:

ζ2
m,n(Λ).

•V ∈ L2(R3) ⇔ {C+
m,n, C−m,n} ∈ `2(N2

0;C2)

• Matching conditions (2) and (3) ⇒
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q+m+1,nC+
m+1,n

+
2µ+pm,n(Λ)

1− e−4ζm,n(Λ)

(
C+

m,n − C−m,ne−2ζm,n(Λ)
)

+q+m,nC+
m−1,n = 0,

q−m,n+1C−m,n+1

+
2µ−pm,n(Λ)

1− e−4ζm,n(Λ)

(
C−m,n − C+

m,ne−2ζm,n(Λ)
)

+q−m,nC−m,n−1 = 0

where

q+m,n = m1/2r
1/4
m,nr

1/4
m−1,n,

q−m,n = n1/2r
1/4
m,nr

1/4
m,n−1;

pm,n(Λ) = ζm,n(Λ)r
1/2
m,n.
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• Let R(Λ) be the infinite matrix which corre-

sponds to this system and R′(Λ) that for the

system with exponential terms removed (oper-

ators in `2(N2
0;C2)).

• R′(Λ) =
∑

n
⊕J+

n (Λ)⊕∑
m
⊕J−m(Λ)

J±k Jacobi matrices

‖J±k (iτ)−1‖ ≤ (c
√
|τ |)−1

⇒ ‖R′(iτ)−1‖ ≤ (c
√
|τ |)−1

• R(iτ) = R′(iτ) + N(iτ)

N(iτ) block-diagonal, ‖N(iτ)‖ ≤ C(τ0), |τ | ≥ τ0.

• For |τ | large enough, R(iτ) has a bounded

inverse

⇒ V = 0.
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F Proof of Theorem 2

• The operator Ao
α

Ao
α := A+

α+ ⊕A−
α−

A+
α+

=
∑

n∈N0

⊕ (
AR+;α+

+ n + 1/2
)

,

A−
α− =

∑

m∈N0

⊕ (
AR−;α− + m + 1/2

)
.

AR+;α+
one-oscillator operator on R+ with match-

ing condition at o1 = 1 and Dirichlet condition

at 0; similarly for AR−;α−.

• (Ao
α − Λ)−3 − (Aα − Λ)−3 ∈ S1

• Complete isometric wave operators exist for

(Aα,Ao
α) and (Ao

α,Aα)

• Absolutely continuous parts of Aα and Ao
a

unitarily equivalent ⇒Theorem 2.

8



F Proof of Theorem 3

• Quadratic form

aα[U ] = a[U ] + α+b+[U ] + α−b−[U ],

where, for U ∼ {um,n},

a[U ] =
∑

m,n∈N0

∫

R

(
|u′m,n(x)|2 + rm,n|um,n|2

)
dx,

b+[U ] = Re
∑

m,n∈N0

√
2m um,n(1)um−1,n(1),

b−[U ] = Re
∑

m,n∈N0

√
2n um,n(−1)um,n−1(−1).

• α± ≤
√

2 ⇒

|α+b+[U ] + α−b−[U ]| ≤ a[U ] + k‖U‖2H
•

α± <
√

2 ⇒ aα closed
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• σ(Aα) ∩ (−∞,1) finite and non-empty

Let A(L)
α be the operator associated with aα

on

d(L) = {U ∼ {um,n} : um,n(±1) = 0, m + n ≤ L}

A(L)
α = A(L,−)

α ⊕A(L,+)
α where

A(L,−)
α =

⊕∑

m+n≤L

(
− d2

dx2
+ m + n + 1

)
,

σ(A(L,−)
α ) = σa.c(A

(L,−)
α ) = [1,∞)

and for any λ0 > 0,

A(L,+)
α ≥ λ0.

Thus

σ(A(L)
α ) = [1,∞); σa.c(A

(L)
α ) ⊇ [1, λ0)

d(L) has finite co-dimension in d ⇒ resolvents

of Aα,A(L)
α differ by a finite rank operator.
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• Removing the component u0,0

Let

H0 := {U ∼ {um,n} : u0,0 = 0}
and denote corresponding forms and operators

by a0
α,A0

α, · · · .

•
0 ≤ N−(1;Aα)−N−(1;A0

α) ≤ 2

• Let Bα be the bounded operator in d0 asso-

ciated with α+b+ +α−b− and F :=
∑⊕F√m+n.

We have F⊥ ⊂ ker Bα and we can restrict at-

tention to F. Bounded operators B′± are de-

fined on `2(N2
0 \ {0,0}) such that

•

N−(1;A0
α) = N+(1;−α+B′+ − α−B′−)
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•

I+α+B′++α−B′− = (I+α+B′′+)⊕(I+α−B′′−)+Xα

N−(0; I + α±B′′±) ∼ 1

4
√

2

√
α±√

2− α±

N+(ε; |Xα|) ≤ R ln4(K/ε).
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