Cell Centered Finite Volume Schemes for
Multiphase Flow Applications

L. Agelas?, D. Di Pietro’, R. Eymard?, C. Guichard!, R. Masson?.

Linstitut Francais du Pétrole

2 Université Paris Est
july 9th 2010

L. Agelasl. D.Di P|etrol. R. Eymardz. C. GLuchardl‘ R. Massonl. Cell Centered Finite Volume Schemes for Multiphase Flow Applications



Outline

e Applications and Motivations
@ Diffusion Model Problem
@ Cell Centered Finite Volume Discretizations

@ Numerical Experiments

ifi>

L. Agelasl. D.Di P|etvol. R. Eymardz. C. Gulchavdl‘ R. Massonl. Cell Centered Finite Volume Schemes for Multiphase Flow Applications



Applications and Motivations

Applications

Basin Modeling

Reservoir simulation

CO2 geological storage
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Applications and Motivations

Motivations of cell centered schemes for
compositional multiphase Darcy flow applications

@ Explicit linear fluxes
@ Pressure, Saturations, Compositions all defined at the cell centers
@ Existing Efficient Preconditioners like CPR-AMG

@ But cell centered VF schemes are non symmetric on general meshes

@ Possible lack of robustness due to mesh and permeability dependent
coercivity

if.
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Diffusion Model Problem

Model problem

@ Let Q c RY be a bounded polygonal domain
@ For f € L?(Q), consider the following problem:

—div(rVu) = fin Q,
u=0o0no9oN

@ Leta(u,v) = |, »Vu - Vv. The weak formulation reads

Find u € H3(Q) suchthat a(u,v) = / fv forallv e H}(Q) (M)
Q
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Diffusion Model Problem

Model problem

Q
Q3

Q

@ Let {Qi}1<i<n, be a partition of Q into bounded polygonal sub-domains
@ v|g, smooth and v(x) is s.p.d. fora.e. x € Q ifP
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Diffusion Model Problem

Polyhedral admissible meshes

R
Ex:
XK
PR
dK,O’ 7
K 3 Nk .5

Tn: set of cells K
&n = &, U EP: set of inner and boundary faces o
m,: surface of the face o u
. if
Mg : volume of the cell K af =
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Diffusion Model Problem

Discrete function space Vj,

@ Vj: space of piecewise constant functions on 7,
Vh(X) = vk forall x € K

@ Equip Vi with the following discrete H} norm:

1/2
Wh € Vh, IVl = | D Z | jo (Vi) = Vi [?
KeTy UEEK
@ using the following trace reconstruction at the faces o
. VkdL o +Vidk o o i
’}/U(Vh) = ifo= ﬁ |f0'—(€|< N&L Egll.],
Yo (vn) = 0if o € EP. |fP
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Diffusion Model Problem

Finite Volume Scheme

@ Let F¢ ,(un) denote a conservative linear approximation of

/uVu “NK &
Jo

conservativity: Fx ,(un) +FL,(un) =0, o =& NE €&,

@ The finite volume scheme reads
find uy € V;, such that

-y FK,U(uh):/f forall K € 7.
K

o€k
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Diffusion Model Problem

Discrete variational formulation

@ For all up, vh € Vy, let

ah(uhavh) = Z Z FKJ(uh)(’YU(Vh) _VK)

KeT, o0&k
= E Fk o(Un)(vL — k) E E Fk o(Un)V
o=ExNELEE KeTh oegcnep

@ The finite volume scheme is equivalent to:
find up € V;, such that

an(un, vh) = / fvy, for all v, € V.
Q
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Cell Centered Finite Volume Discretizations

A symmetric scheme: using a discrete variational
framework [Eymard and Herbin, 2007]

@ Discrete variational formulation
an(un, vh) = / fvy, for all v, € V.
Q

@ with a;, based on a cellwise constant gradient and stabilized by
residuals

a(un,vh) = > Mk (Valn)k - (Vavh)k
KeTy

my
+ Z MK Z KRK,U(Uh)RKJ(Vh)

KeTn €&k
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Cell Centered Finite Volume Discretizations

Discrete gradient reconstruction

@ The cellwise constant gradient is obtained via the Green formula and
trace reconstruction

(VhVi)k = 7 Does, Mo(lo (Vh) = VN o

@ Residuals:

Rk .o(Vh) = 15(Vh) — Vk — (ViaVh)k - (X6 — Xk)
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Cell Centered Finite Volume Discretizations

Convergence

@ Coercivity of the bilinear form ay,
@ Consistency of the discrete gradient
@ Weak convergence property of the discrete gradient (Rellich Theorem)
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Cell Centered Finite Volume Discretizations

Conservative Fluxes

@ Fluxes are derived from the bilinear form:

an(Un,vn) = Y Fr(un)(ve—vk) = > > Fro(un)vk

KL KeTh gegcnep

@ Fluxes Fg ((up) are between cells K and L not necessarily sharing a
face
@ Stencil of the scheme: example for topologicaly cartesian grids
@ 21 cellsin 2D, 81 cellsin 3D
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Cell Centered Finite Volume Discretizations

The GradCell Scheme: non symmetric scheme
[Agélas et al., 2008]

@ Use two cellwise constant gradients: a consistent gradient and a weak
gradient

(thh)K = mLK o ma(IKﬁa(Vh) - VK)nKW’

(Vavn)k = i Ygeex Mo(Vo(Vh) = Vio)Nk o
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Cell Centered Finite Volume Discretizations

The GradCell scheme: Conservative Fluxes

@ Fluxes are derived from the bilinear form:

an(Un, V) = Y Fro(Un)vi—vk) = > Y Fro(un)v

o=EkNELEE, KeTh oeexnep

@ Fluxes Fg ,(un) only between cells sharing a face
@ The stencil of the scheme becomes much sparser: neighbours of the
neighbours
@ Example for topologically cartesian grids
@ 13 cellsin 2D, 21 cellsin 3D
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Cell Centered Finite Volume Discretizations

Convergence

@ Consistency of the consistent gradient
@ Weak convergence property of the weak gradient
@ Coercivity is mesh and diffusion tensor dependent
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Cell Centered Finite Volume Discretizations

How to acheive both symmetry and sparse stencil:

SUSHI (Scheme Using Stabilization and Harmonic
Interfaces) [Agelas et al., 2009]

Combine
@ O scheme ideas: subcell gradients (Vup )i and subfaces unknowns u?
@ Weak and consistent gradient definition
@ Two point harmonic interpolation at the faces

To obtain
@ Symmetric unconditionally coercive scheme

@ Sparse stencil: 9 points in 2D and 27 points in 3D on topologically _
Cartesian meshes |f£,,;
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Cell Centered Finite Volume Discretizations

Subcells Ks around a vertex s

@ Choose the points y, € ¢ for all faces
(harmonic points)

o
s = (XK,YmS,yUUXK)
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Cell Centered Finite Volume Discretizations

Discrete gradient on a subcell Kg

L. Agelasl. D.Di P|em)l. R. Eymardz. C. Gulchavdl‘ R. Massonl. Cell Centered Finite Volume Schemes for Multiphase Flow Applications



Cell Centered Finite Volume Discretizations

Harmonic point y, and harmonic interpolation

There exists a pointy, € o and a coefficient o with linear two point
interpolation exact on piecewise linear functions with normal flux and
potential continuity

g L
K )—/!_ 777777 --@ XL
4’.’—
u(yo) = au(xk) + (1 — o) u(x.) Yo
o] Yk
Xk
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Cell Centered Finite Volume Discretizations

Hybrid variational formulation

Hp = {(uK)KeTh, (U3)oee. sevy, S t.US =0forallo € 8,';’}

an(u,v) = 37 3 (M (Tau (Vv S TSoRE L (Un)RE 4 (vh))

K eTn s€EWVk oEEKNEs ( K ")

Finite volume scheme: find u, € Hy such that

n(Un, v ZVK/f x)dx foralv e Hy.

KeTy
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Cell Centered Finite Volume Discretizations

Hybrid Finite Volume scheme

=3 > D> Y (TR (U — uk)(vs — Vi),

KeThseVk ce€sNék o’ €EsNEk

Let us define the following subfluxes:

FRoW)= > (TR)ow (U3 —uk),

o’ €EsNEK

Hybrid Finite volume scheme:

> (Z Fé,g(uh)) = / f(x)dx forall K € 7y,

g€k SEV,

FE’U(Uh) = —FLS’U(Uh) forallseV,,c =& N& € ghifP
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Cell Centered Finite Volume Discretizations

Comparison with the O scheme

(th)SK = ZOESKQES(U(SY - UK) gli,o

(Vhu)g = m%s Y regcne Me(US — Uk )Nk o

an(U,v) = > > M (Vi) - v (Vav)k,

Ke7h seVk
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Convergence for randomly distorted Cartesian meshes and smooth solution

erl?2

Numerical Experiments

Anisotropy v = diag (1, 1, 100)

1 -
O Scheme —H—
SUSHI ~@-
GradCell X X
0.1 ’
0.01
0.001
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Anisotropy v = diag (1, 1, 1000)

10

O Scheme g
SUSHI @
1 | GradCegll X
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Convergence for near well hexahedral meshes and deviated well analytical

solution

erl?2

0.1 T
O Scheme —H—
GradCell a3
SUSHI @ X
0.01 1
0.001 ¢
0.0001

Numerical Experiments

v = diag (1, 1, 0.2)
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v = diag (1, 1, 0.05)

0.1
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Numerical Experiments

Convergence for near well hybrid meshes with v = diag (1, 1, 0.2) and
deviated well analytical solution

erl?2

Hybrid meshes

0.1 T
O Scheme —H—
GradCell e
X
0.01
0.001 ¢
0.0001
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Hybrid meshes

number of nonzero eleme#
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Numerical Experiments

Conclusion

@ The O scheme lacks robustness for meshes with high aspect ratio (or
anisotropy) combined with distorsion

@ The Sushi scheme is more robust than the O scheme thanks to its
unconditional coercivity

@ The GradCell scheme is robust but less accurate, it is much sparser on
tetrahedral meshes than the O or Sushi schemes
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Numerical Experiments
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