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Applications of finding hidden objects

In many practical applications the goal is locate and identify hidden conducting objects
from field measurements:

Security Screening Archeological Searches UXO and mine clearence

Medical Imaging Non-destructive testing Food Safety

This requires solving an inverse problem, which is generally more challenging
compared to the corresponding direct problem. The applications and techniques
involve different regimes of electromagnetism.
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Why are inverse problems challenging?

Typically ill-posed (lacks one or more conditions for well-posedness) e.g.
possible lack of existence;
possible lack of uniqueness;
possible lack of stability.

In practice only limited noisy measurement data is available

Practical engineering solutions to Inverse problems are often posed as minimisation
problems e.g.

minp }d ´ Fppq}2 ` }Rppqq}2

In the above

d represents some measured data;

Fppq represents the direct or forward problem, parameterised by model
parameters p;

Rppq is some regularisation which may be added to help overcome the
ill-posedness.

But there are computational challenges of dimensionality, local minima and choosing R.
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Basic idea of object characterisation using polarizability tensors

When an object is introduced in to a background field u0 it will perturb it resulting in uα,
e.g. in plane wave scattering of an object
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u0 uα uα ´ u0

We are interested in finding expressions of the form

puα ´ u0qpxq “ f pT , u0pzq,Gpx, zqq ` R

to use as the direct problem.
z is the position of the centre of the object.
T is a position independent polarizability tensor describing the shape and material
of the object
R is some small quantifiable remainder.
Gpx, zq is an appropriate (free space) Green’s function.
Also has connections with the construction of cloaking of objects.
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Electrical impedance tomography

Given measurements of boundary voltages u|BΩ and external currents
Ipxq :“ n̂ ¨ σα∇u|BΩ we want to find the conductivity distribution σαpxq.

The Maxwell system simplifies since ωµ|σα|α ! 1. Introducing E “ ∇uα where uα
solves

∇ ¨ σα∇uα “ 0 in Ω Ă R3

n̂ ¨ σα∇uα “ I on BΩ
ż

BΩ
Idx “ 0

The case of α “ 0, ie u0, corresponds to the case of a known constant background σ0.

PDL, WRBL (Swansea University & The University of Manchester) LMS-EPSRC Durham 2016



Need for Low-cost Object Characterisation Electrical Impedance Tomography Low Frequency Scattering Metal Detectors

Electrical impedance tomography

The effect of introducing a small object D with conductivity σ˚ in a background field u0
is like introducing a dipole at its centre z

σ
0

Ω

σ

σ
*

0

Ω

D

Background problem Perturbed problem

For a small single inclusion D :“ αB` z with contrast c :“
σ˚

σ0
Ammari and Kang

(2007) show that for a related unbounded problem

puα ´ u0qpxq “ ∇x pGpx, zqq ¨ pT pcq∇zu0pzqq ` O
´

α4
¯

as αÑ 0 where Gpx, zq :“ 1{p4π|x´ z|q. Results are also available for the bounded
EIT case (Cedio-Fengya, Moskow, Vogeliuis (1998), Ammari and Kang (2007))
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Computing the Póyla–Szegö tensor

The coefficients of the tensor are

T pcqij “ α3
ˆ

pc´ 1q|B|δij ` pc´ 1q2
ż

Γ
n̂ ¨∇φi|

´ξjdξ
˙

,

where φi, i “ 1, 2, 3, satisfies the transmission problem

Γ

ξ
B

c

B σ

σ
*

0

∇2φi “ 0 in BY Bc,

rφisΓ “ 0, rn̂ ¨ σ∇φisΓ “ σ0n̂ ¨∇ξi on Γ,

φi Ñ 0 as |ξ| Ñ 8.

T is a real symmetric tensor defined by 6 coefficients;

T can be diagonalised and an equivalent best fitting ellipsoid found that has the
same T as the object D;

T contains both shape and material contrast information;

Determining the coefficients of T and the location z from u|BΩ and I offers
possibilities for low-cost identification of inclusions;
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Electromagnetic scattering

For known analytic incident fields Ein “ E0, Hin “ H0 and measured scattered fields
Esc :“ Eα ´ Ein, Hsc :“ Hα ´ Hin we want to infer information about the shape of the
shape of scatterer D and the contrasts ε˚{ε0 and µ{µ0.

For wave number κ :“ ω
?
ε0µ0 the fields satisfy the (scaled) Maxwell system

∇ˆ Eα “ iκµr
αHα, ∇ˆ Hα “ ´iεr

ακEα in R3,

∇ ¨ εr
αEα “ 0 ∇ ¨ µr

αHα “ 0 in R3,

For smooth, simply connected objects D :“ αB` z (PDL, WRBL 2015a)

pEα ´ Einqpxqi “α3κ2Gκpx, zqij
ˆ

T
ˆ

ε˚

ε0

˙˙

jk
Einpzqk`

` α3iκp∇x ˆ Gκpx, zqqij
ˆ

T
ˆ

µ˚

µ0

˙˙

jk
Hinpzqk ` OpΓ4q,

as Γ :“ maxpκα, α{rq Ñ 0, with r :“ |x´ z|

Gκpx, zqij :“ Gκppx, zqδij `
1
κ2
pD2

xGκpx, zqqij Gκ “
eiκ|x´z|

4π|x´ z|

with a similar result for Hα ´ Hin .
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For large r and fixed α this agrees with the far field term obtained by Kleinman (et al.
(1982)

α3κ

r

ˆ

r̂ˆ r̂ˆ
ˆ

T
ˆ

ε˚

ε0

˙

Einpzq
˙

` r̂ˆ
ˆ

T
ˆ

µ˚

µ0

˙

Hinpzq
˙˙

` Opκ2q

as κÑ 0. On the other hand, fixing κ, r then is of the same form of Ammari, Volkov
(2005) for small objects.

pEα ´ Einqpxqi “α3κ2Gκpx, zqij
ˆ

T
ˆ

ε˚

ε0

˙˙

jk
Einpzqk`

` α3iκp∇x ˆ Gκpx, zqqij
ˆ

T
ˆ

µ˚

µ0

˙˙

jk
Hinpzqk ` Opα4q,

as αÑ 0

GPR one possible application but not metal
detection.

We have an analogous result for objects
with pε˚ ` iσ˚{ωq{ε0 but this is for fixed κ
and thus does not apply to low frequencies.
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Describing the response from metal detectors

Eddy current approximation.
?
ε˚µ˚αω ! 1, ε˚ω{σ˚ ! 1(rigorous

justification involves the topology of the
object).

Current source J0 at w idealsied as a dipole with moment m generates
H0pxq “ D2

xGpx,wqm.

From measurements of pHα ´ H0qpxq we want to find information about an object’s
shape and µ˚{µ0, σ˚.

The interaction fields satisfy

∇ˆ Eα “ iωµαHα, ∇ˆ Hα “ σαEα ` J0 in R3,

∇ ¨ Eα “ 0 ∇ ¨ µαHα “ 0 in R3.
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Polarizability tensors for the eddy current problem

For the case where ν “ 2α2{s2 “ Op1q, (s “
a

2{pωµ˚σ˚q and µr “ µ˚{µ0) Ammari,
Chen, Chen, Garnier and Volkov (2013) have shown that

pHα´H0qpxqj “ D2Gpx, zq`mM`mjiH0pzqi ` Opα4q

as αÑ 0 for fixed x away from z

In the above M is a new rank 4 tensor, which depends on the shape of the object, µr
and σ˚.

Note the response is not characterised by a suitably parameterised T .

But, electrical engineers predict that the response from a conducting object form
a single measure-excitor coil pair as

Voltage signal « mms
j pHα ´ H0qpxqj « Hms

0 pzqj
}

}MjiH0pzqi p“ D2Gpx, zqjkmms
k
}

}MjiH0pzqiq

They fit coefficients to rank 2 tensor }}M but they don’t have an explicit formula .
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Computing M

µ  , σ =0B

Γ

ξ
B

c

0

*
µ  ,  σ

*

M`mji :“ P`mji ` δ`jδmkNki

P`mji :“ βêj ¨

ˆ

ê` ˆ
ż

B
ξmpθi ` êi ˆ ξqdξ

˙

,

Nki :“ α3
ˆ

1´
µ0

µ˚

˙
ż

B

ˆ

êk ¨ êi `
1
2

êk ¨∇ˆ θi

˙

dξ.

β “ ´ iνα3

2 and θi, i “ 1, 2, 3, is the solution to

∇ˆ µ´1∇ˆ θi ´ iωσα2θi “ iωσα2êi ˆ ξ in BY Bc,

∇ ¨ θi “ 0 in Bc,

rθi ˆ n̂sΓ “ 0,
”

µ´1∇ˆ θi ˆ n̂
ı

Γ
“ ´2

”

µ´1
ı

Γ
êi ˆ n̂ on Γ,

θipξq “ Op|ξ|´1q as |ξ| Ñ 8,
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Reduction to a Rank 2 Tensor

For orthonormal coordinates we have shown (PDL & WRBL 2015) that

pHα´H0qpxqj “ D2
xGpx, zqjm

}

}MmiH0pzqi ` Opα4q,

where }

}Mmi “ ´ qCmi `Nmi are the coefficients of a complex symmetric rank 2 tensor.

Proof:
The skew symmetry of P, P`mji “ ´Pjm`i allows us to write

Cnsi “
1
2
εsjlP`nji P`mji “ εj`sCmsi

where C is a rank 3 tensor density.

The rank 3 tensor density has coefficients which satisfy Cmsi “ ´Csmi and so

qCmi :“
β

2
êm ¨

ż

B
ξ ˆ pθi ` êi ˆ ξqdξ “

1
4
εmnsεsjlP`nji “

1
2
εmnsCnsi, Cmsi “ εmsk qCkl

Combining this with the fact that D2Gpx, zq`m “ D2Gpx, zqm` and D2Gpx, zq`` “ 0
completes the proof.

Predicts the voltage in terms of a complex symmetric rank 2 tensor }}M with 6
complex coefficients. Agrees with engineering prediction and provides an
explicit formula for the Magnetic Polarizability tensor that allow us to explore
object characteristics
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Further reductions in the number of independent coefficients

If an object has mirror or rotation symmetries the coefficients of the tensor must remain
invariant under this transformation.

Under the action of an orthogonal matrix R

}

}M1
ij “ Ri`Rjm

}

}M`m.

We can deduce the number of independent coefficients:

Object
}

}M 1 1 3 2 2 2 3
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Computational treatment of transmission problem

Follow PDL, Zaglmayr (2010), truncate at a finite distance from the object, introduce
the domain Ω “ BY B̃c and solve for ϑi “ θi, i “ 1, 2, 3:

µ  , σ =0B

Γ

ξ
B

c

0

*
µ  ,  σ

*

∇ˆ µ´1
r ∇ˆ ϑi ` iµ0ωσ˚α

2ϑi “ ´iµ0ωσ˚α
2êi ˆ ξ in B,

∇ˆ∇ˆ ϑi ` τϑi “ 0 in B̃c,

rθi ˆ n̂sΓ “ 0 on Γ,
”

µ̃´1
r ∇ˆ ϑi ˆ n̂

ı

Γ
“ ´2

”

µ̃´1
r

ı

Γ
êi ˆ n̂ on Γ,

∇ˆ ϑi ˆ n̂ “ 0 on BΩ,
where }ϑi ´ θi}Hpcurlq ď Cτ , C independent of the small perturbation parameter τ .
Weak form: find ϑτi P Hpcurl,Ωq such that

pµ̃´1
r ∇ˆ ϑτi ,∇ˆ vqΩ ` pκ̃ϑτi , vqΩ “

´ piµ0ωσα
2êi ˆ ξ, vqB ´ 2

ż

Γ
rµ̃´1

r sêi ˆ n̂ ¨ vdξ,

for all v P Hpcurl,Ωq where p¨, ¨qΩ is the L2 inner product and

κ̃ “

"

iµ0ωσα
2 in B

τ in B̃c µ̃r “

"

µr in B
1 in B̃c .
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Verification with known analytical results for }}M

Spherical object σ˚ “ 5.96e7S/m, µ˚ “ 1.5µ0, ω “ 133.5rad/s, α “ 0.01m
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Rep∇ˆ θ1q, |Impωσθ1q| and now with ω “ 133.5ˆ 103rad/s
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Limiting cases of }}M

M=

M= µT(    )
r

M=N − C 

M=N − C M=N − C 

Vector Transmission

ProblemProblem S
im

p
ly

 C
o

n
n

ected
M

u
ltip

ly
 C

o
n

n
ected

T(0)

Scalar Transmission

Problem

Scalar Transmission

Low Frequency High Conductivity

M= µT(    )
r

Similar results can be obtained for small σ˚ and large ω, but they need to be
interpreted in terms of the limit of the eddy current model. (PDL, WRBL (2016)).
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Low Frequency and High Conductivity Response

Independent of Betti number β1pBq for an object with conductivity σ˚ and relative
permeability µr “ µ˚{µ0, (PDL, WRBL 2016)

}

}Mij “Tijpµrq ` Opωq as ω Ñ 0

For an object with β1pBq “ 0, µr and fixed ω then

}

}Mij “Tijp0q ` Op1{
?
σ˚q as σ˚ Ñ8

where

Tijp0q “ α3
ˆ

|B|δij ´

ż

Γ
n̂´ ¨ êiφjdξ

˙

Magnetic tensor for a PEC

∇2φj “ 0 in Bc

n̂ ¨∇φj “ n̂ ¨∇ξj on Γ

φj Ñ 0 as |ξ| Ñ 8

The Betti number does not play a role in objects at low frequencies, but does
play a role in high conductivities.
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Frequency response of a conducting (magnetic) spheroid

σ˚ “ 1.5ˆ 107S/m
µ˚ “ µ0
β0pBq “ 1,

β1pBq “ β2pBq “ 0
-1.8e-06

-1.6e-06

-1.4e-06

-1.2e-06

-1e-06

-8e-07

-6e-07

-4e-07

-2e-07

 0

 1  10  100  1000  10000  100000  1e+06  1e+07

R
e

(M
)

Frequency [Hz]

M_11=M_22 exact
M_33 exact

M_11=M_22 p=3
M_33 p=3

T(0)_11=T(0)_22
T(0)_33

 0

 1e-07

 2e-07

 3e-07

 4e-07

 5e-07

 6e-07

 7e-07

 1  10  100  1000  10000  100000  1e+06  1e+07

Im
(M

)

Frequency [Hz]

M_11=M_22 exact
M_33 exact

M_11=M_22 p=3
M_33 p=3

Rep}}Mq Imp}}Mq

σ˚ “ 1.5ˆ 107S/m
µ˚ “ 1.5µ0
β0pBq “ 1,

β1pBq “ β2pBq “ 0
-2e-06

-1.5e-06

-1e-06

-5e-07

 0

 5e-07

 1  10  100  1000  10000  100000  1e+06  1e+07

R
e

(M
)

Frequency [Hz]

M_11=M_22 exact
M_33 exact

M_11=M_22 p=3
M_33 p=3

M11=M22 PS(mu_r)
M33 PS(mu_r)

M11=M22 PS(0)
M33 PS(0)

 0

 1e-07

 2e-07

 3e-07

 4e-07

 5e-07

 6e-07

 7e-07

 8e-07

 1  10  100  1000  10000  100000  1e+06  1e+07

Im
(M

)

Frequency [Hz]

M_11=M_22 exact
M_33 exact

M_11=M_22 p=3
M_33 p=3

Comparing analytical solution for conducting permeable spheroid, p “ 3 elements on a
mesh of 14 579 tetrahedra and limiting Póyla–Szegö tensor coefficents
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Frequency response of multiply connected objects

σ˚ “ 5.96ˆ 107S/m
µ˚ “ 1.5µ0

β0pBq “ β1pBq “ 1,
β2pBq “ 0
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σ˚ “ 5.96ˆ 107S/m
µ˚ “ 1.5µ0

β0pBq “ β2pBq “ 1,
β1pBq “ 0
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p “ 2 elements on meshes of 29 882, 6 873 tetrahedra respectively, comparison with
limiting Póyla–Szegö tensor coefficents
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Realistic Remington .222 shell casing test case

z axis parallel to barrel

Only shell casing considered with µ˚ “ µ0 and σ˚ “ 1.5ˆ 107S/m.

Rotational and reflection symmetries imply }

}M is diagonal with coefficients
}

}M11 “
}

}M22 and }

}M33.
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First steps with Bayesian inversion

Recall at the start we stated the inverse problem as the minimisation problem.

minp }d ´ Fppq}2 ` }Rppqq}2

Polarization tensors offer a low–cost way of describing the forward problem Fppq,

where p :“ t
}

}M11,
}

}M22,
}

}M33,
}

}M12,
}

}M13,
}

}M23u, say.

The Bayesian approach can be thought of as being natural when statistical information
about the noise is available:

Likelihood density πpd|pq „ expt´ 1
2 pFppq ´ dqiC´1

ij pFppq ´ dqju if e „ N p0,Cq.

Prior probability distribution πppq „ expt´ 1
2 piD

´1
ij pju for a regularising prior with

p „ N p0,Dq
Bayes formula then gives the posterior as a probability distribution

πpp|dq „πpd|pqπppq

„ exp
"

´
1
2
pFppq ´ dqiC´1

ij pFppq ´ dqj ´
1
2

piD
´1
ij pj

*

(written for simplicity for the real case)
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Exploring the probability distribution

Notice that for different trial solutions u, πpp|dq gives us the probability of p given d
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We can interogate the distribution using conditional mean (CM), maximum a–posterior
(MAP) estimates, which for Gaussian distributions become

uCM “pMAP “ minFppq “ min
1
2

´

}Fppq ´ d}2
V ` λ}p}

2
W

¯

“min
1
2

´

pFppq ´ dqiC´1
ij pFppq ´ dqj ` λ´2piD

´1
ij pi

¯

with V “ S´1, W “ G´1, C “ SST , D “ GGT (Cholesky factorisation of a p.d. matrix).
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Noise levels σ “ 0.5, 0.25, 0.1, C “ σ2I, D approx. with 125 samples.
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Conclusions

PS tensor provides the leading order response in EIT and EM scattering, but the
situation is different for eddy currents;

Recent results of Ammari, et al. predicts the response in terms of a rank 4 tensor;

But our recent work shows this does in fact reduce to an expansion involving a

symmetric rank 2 tensor }}M;
}

}M is part of a family of polarizability tensors for describing the response from
conducting and permeable objects;

Skin effects are important and }

}M can be computed by using hp- edge finite
elements;

Asymptotic behaviour of low frequency/high conductivity for }}M investigated where
topology plays a role;

On going work includes developing a Bayesian inverse framework for }}M.
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