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Electrical Impedance Tomography (Calderén’s problem).
Uniqueness in EIT
The anisotropic case: obstruction to uniqueness.

Global uniqueness for anisotropic piecewise constant conductivities.
The local Neumann-to-Dirichlet map and the Neumann kernel.
Unique determination of the conductivity/metric.

An example of non uniqueness.



» Q C R" domain (n > 2);

» Conductivity Equation:

div(eVu) =0 in Q, (1)

o =o(x), x € Q, is a symmetric, positive definite matrix
and it represents the electric conductivity of Q.

» Dirichlet-to-Neumann map:
Ao : Uloa € H2(0Q) — oV - v]pq € H2(0Q),

for any u € H'(Q) solution to (1).



Problem:
Can we determine o from A,?

We want to study properties of the map

Nio— N,

» injectivity of A (uniqueness) «+—

» Continuity of A and its inverse if it exists (stability)
» What is the range of A? (characterization problem)
» Formula to recover o from A, (reconstruction)

» Give an approximate numerical algorithm to find an
approximation of the conductivity given a finite number of
voltage and current measurements at the boundary
(numerical reconstruction)
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Calderon’s problem:

the current formulation of the problem is due to Calderén in
1980 and his seminal paper opened the way to the solution to
the uniqueness issue.

Isotropic case, n > 3

» o piecewise real analytic (Kohn - Vogelius ,1984)
o € C?(Q) (Sylvester - Unlmann, 1987)

o € C'*¢(Q), o conormal (Greenleaf - Lassas - Uhlmann,
2003)

o € C'(Q) (Haberman - Tataru, 2013)
o€ Wh(Q),n = 3,4,5 (Haberman, 2015)
o Lipschitz, any dimension n > 3 (Caro - Rogers, 2015).
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Isotropic case, n =2

» o € C?(Q) (Nachman, 1996)
» o Lipschitz (Brown-Uhlmann, 1997)
» o € L*(Q) (Aslala-Paivérinta, 2006).

Remark for n > 3:

» Independent study of the problem from Calderén’s
formulation in the geophysical setting (Druskin, 1983,
1985, 1998)

» Lipschitz stability for o piecewise constant
(Alessandrini-Vessella, 2005).
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The anisotropic case: obstruction to uniqueness.



Anisotropic case: ¢ matrix

» Tartar’s observation: If ¢ is a diffeomorphism

:Q—Q
with
P(x) = X, Vx € 092,
then
. _ (DY)a(Dy)T
7= Getby Y

have the same Dirichlet-to-Neumann map i.e. A, = As.



Uniqueness up to diffeomorphism

Theorem (n > 3) (Lassas-Uhlmann 2001,
Lassas-Taylor-Uhlmann 2003)

(M, gi),i = 1,2, real analytic, connected, compact, Riemannian
manifold with boundary. Let ¥ C M, ¥ open. Assume

Y _ A
/\91 _/\92’

then 3 ¢ diffeomorphism, s = I such that
g1 =9V go.

Lee-Uhlmann 1989; Belishev 2003; Guillarmou-Sa Barreto
2007 for Einstein manifolds.



Theorem (n = 2) (Lassas-Uhlmann 2001)

(M, gi),i = 1,2, connected Riemannian manifold with
boundary. Let ¥ ¢ M, ¥ open. Assume

Y _ A
/\91_/\91’

then 3 « diffeomorphism, v s = landa >0, « s = 1 such that
g1 = aygo.

Q C R?

o € C?(Q) (Nachman,1996)
o Lipschitz (Sun-Uhimann, 2003)
o € L*(Q) (Astala-Lassas-Paivarinta, 2006)

o € C*>(Q) with partial data
(Imanuvilov-Uhlmann-Yamamoto, 2011).
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Uniqueness with a-priori information about o
Assume that o is a-priori known to depend on a restricted
number of unknown spatially dependent parameters.

» Kohn-Vogelius (1984): all the eigenvalues of ¢ are known
except for one eigenvalue

» Alessandrini (1990): stability at the boundary for
o(x) = o(a(x))

» Lionheart (1997): uniqueness at the boundary for
o(x) = a(x)ao(x)

» Alessandrini-G. (2001, 2009) : stability at the boundary
o(x) = o(x, a(x)) for global and partial data

» Alessandrini-Cabib (2007): uniqueness for divergence free
o (n=2)

» G.-Lionheart (2009): stability at the boundary for
9(x) = g(x, a(x)) Riemannian metric

» G.-Sincich (2015): Lipschitz stability for o(x) = a(x)oo(x),
a piecewise constant, o Lipschitz



Uniqueness for the potential g in the Schrdédinger
equation
(M, g) compact Riemannian manifold with boundary OM

(-Ag+q)u=0 inM
Assume that g is a-priori known to be of type

(M,g) ccC (R x My, g), whereg =c(e® gp), ¢>0
then A4 uniquelly determines q.

» Dos Santos-Kenig-Salo-Uhlmann, 2009
» Dos Santos-Kurylev-Lassas-Salo, 2016.
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Global uniqueness for anisotropic piecewise constant conductivities.
The local Neumann-to-Dirichlet map and the Neumann kernel.



The Neumann-to-Dirichlet map

Q C R"domain, n > 3;
| 2
oH(09) = {fe H%(E)Q)‘ / f :o},
oQ
o302 = {u < H-4(om)| . 1) 0}
» The Neumann-to-Dirichlet (N-D) map associated to o,

Ny i oH™2(0Q) — oHz(99)
is defined by

1
N(,:</\(,| , ) .
0H2(09Q)



» N, is the selfadjoint operator that satisfies:

(6, No) = / o(X)VU(X) - Vu(x) d,
Q
Vi € OH‘%(aQ), where u € H'(Q) is the weak solution to

div(eVu) =0, in Q,
oVu-v|ga =1, on 09,

u=0.
a0

» N, — NZX, X open portion of 9Q (local data).

NZ($), Ve oH 2(09), supp(v) CC ¥



Theorem (Alessandrini-de Hoop-G. (2016)):

Q c R"domain, n >3
0% of Lipschitz class

v

v

v

Y. C 9Q C" non-flat open portion (for the measurements)

» Qs partitioned into N subdomains, D, ..., Dy with
Lipschitz boundaries
» The geometry of D;, j =1,..., N is assumed known

v

Y, interface between Dy_1 and Dy is C® non-flat, Vk



» (), i = 1,2 conductivity of type:
D)= o"xp(x) xeQi=12 (2
j=1

where o}i) € Sym, satisfying a condition of uniform ellipticity.
Then:

N:iw) :N:ig) = 0'(1) :(7(2), |n Q.



Lee-Uhlmann, 1989
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Q c R"domain, n >3
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Consider the Riemannian manifold (2, g), then:

1 . .
————L = Ay, operatore di Laplace-Beltrami

\/detg

In dimension n > 2 we have:

v

o +— g



The Neumann kernel for 2

Yy € Q,

(_y)) in Q
on Of2.

‘—~ ||

oVN,(-y) v=—13

)

{div(()vw(, y))

Lemma:
Let yp € 00 and suppose that 0 is of class class C'* in a
neighborhood of yy. If o is C in a neighborhood of y; in Q

then:

No(x,Y0), 092> X ~Yo — 9n—1)(Yo) = {a(x V/'V/},, 1,..,(n=1)"

.....

where {vq,...,V,_1} is a basis of T, (0%Q).



Theorem:

Let yy € 9Q e suppose there is a neighborhood U/ of y; such
that 9Q N U is a portion of class C'*, 0 < a < 1, of 9Q and

o € C(U N Q). Then the Neumann’s kernel N, (-, yo) satisfies:

Ny(x.y0) = 2Cp (g(yo)(x = Yo) - (X — yo)) =
+ O(lx — yo P,

for x — y0, x € Q\ {0}
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Unique determination of the conductivity/metric.



Unique determination of g on D;

Lemma:

Let S be an open portion of 9Q of class C'* and non flat . If
o is constant near yp € %, then:

N;(x,y) Vx,y € xneary, — 9(¥o) — o(Jo).

Proof (sketch):

» {ey,...,en} canonical basis of R”
» T, (02) =N, =<eq,...,e5_1 >

> v(Yo) = —én.



Y is non flat near yy = Jy € ¥ near y, where v(y) slightly
deflects from v(yp) = —e, = Iy € &, Fe # 0 s.t:

(_en + Een—1) :

P p—
R e

Alternative:

(a) The deflection of v(y) with respect to v()p) is in the e,_4
direction, Yy ~ yp.

(b) Jy € &, y ~ yp s.t. the deflection of v()) with respect to
v(yp) = —ep is in a direction indipendent from e,_1 =
da, B €R, a # 0t.c:

- 1
v(y) = ————=(—en+aen2+p5en1).

V1+a?+ 32



GOAL: to show that in both cases (a) and (b), g()o) is uniquely
determined.
Denote

g=9)
(a). Orthonormal basis for T, (X):

1 €
€1,...6p0,————€p_ 1+ ——=6€pn,.
{1 n—-2 ,—1+52n1 *1—1—62 n}
Let y = y(t), 0 < t < ¢ be a continuous path along ¥ s.t.

y(0) = yo, y(e) = y, 9(y(t)) = 9,0 < t < e and s.t. an
orthonormal basis for Ty (X) is:

1 t
{617---9n—27ﬁ €n—1 + T en}-



Vt, 0 < t < ¢, the functions:

1 t
6 |——=en1+——en),
de <\/1+—t2 AT e >
1 t 1 t
——— it ——=6) | ——= 1+t —=¢
g<\/1+t2 RV ") <\/1+t2 T AR ")

are known forany i=1,...,n—2, therefore:
>
i, n—1 + tgi,n
is knownVvt, 0 <t<e foranyi=1,....n—2

On—1,n—1 +2t9n_1,n + tzgn,n
isknownVvt, 0 <t <e. a



N — asymptotic behaviour of di N, (x, y), x,y € ¥.

K (x,y,w,z) = Ny(x,y) — Ny(Xx,w) — Ny(2,y) + N,(z, w),

VX,y,W,Z € ¥.

» Ifwefix w,z € ¥, then K,(x,y,z,w) and N,(x, y) per
X — y have the same asymptotic behaviour.

Lemma:

NE — Ky (x,y,z,w), VX, y,w,Z €Y.



Proof of the main result:
» o) € Sym,, piecewise contant matrix on Q satisfying a
uniform ellipticity condition, i = 1,2
| 2

SIS ¥
NJU) = NU(Z)

o) = 5(2), on Dy.




» Induction: Let Dk be a subdomain of 2, K # 1 and
consider the chain of subdomains
Dy,...,Dg

connecting Dy with Dy through domains with non flat C'©
interfaces.



Assume that:

) su D, Vi, 1<i<K-1



» Claim:

> >
N 0(11) =N U<12) - -
= N N = N A
0-(1) — 0-(2) on D
> NI =N =
cM(x)=0®(x), forany xexg

cD(x)=0®(x), forany xe Dg.



Claim:

S oAy
Ng(‘) - Ng(2)
= N = Nog
s o
0-(1) — 0-(2) on D

Proof of the claim:

Given ¢ € C%'(9E), with suppy) C Tk and [, ¢ = 0, consider
u() solution to the problem:

diy(a(’)Vu(’)) =0, in E
ovul) .y =4, on OE, i=1,2.

We want to show that:

(v, (W25 —NTg) 0) = /E (6@ () — o))V, (x) V) (x)x
_o0.



» Extend the solution u(") with a bounded extension operator:
T:H2(0ENQ) — H'Y(Q),
such that, given f € H%(aE N Q), we have

Tf|; =0.

» Denote



v

v

v

v

Consider an augmented domain Qy = Q U Dy
Extend o() to 5() such that () = Jon Dy, i = 1,2
For y € Qq define the modified Neumann kernel N();

dvEONO(- y)) = ~0(x ~y). in 2
FIOTNGD . = 0, on 09y N o

~(f (i o 1 O

cYNG) .y = — B on 0%\ Q.

For x € E we have

uD(x) = —/U(')(y) div, (a(’)(y)vyﬁ(’)(y,x)) dy
Q

= | ¥NO(y,x)dS(y)

P

T / o0 (y)v, @ (y) - v,NO(y, x) dy.
D



VM (x) - V,u®(x)
= [ @V x) - Nz, x) dyoz
YT XXk

[ el @0:5 @0 (TNO . ) - TN 2.0 dydz
+ /D ] W(@)oi) (19,8 (2)8y,(VAN® (2, x) - VN (y, x)) dydz

+ /D A @072 1)0, 7 (2)
X

X Oz, Oy (VXN(z)(z, x) - VxNO(y, x)) dydz.



» Define for y,z € DU D,

S(y,z) = /E <0(1)(X) - 0(2)(x)> VXN (y, x)-VxN®)(z, x)dx.

» Forany y,z € (DU Dy)”

divy (¢M )V, Sy, 2)

)-e
div, (a<2)(z)vz S(y. z)) —0,



» N =6@ onD=

S(y,z) = /Q (0(x) ~ P (x)) TNy, x) VN (2, x)lx

» For y,z € Dy "far" from 0%, we obtain:

Sy, 2) = (eMINO(y, ) v, (Mg = N ) ePVNEz, ) - v)
0.

» By the C'“ regularity of the interfaces ¥, within D, S(y, z)
satisfies the unique continuation property in each variable
v,z € (DUDy)® hence

S(y,z) =0, forany y,zeD.



/ (0D(x) 0@ (x) Vet (x) - V0P (x)
JE
~ [ @Sty 2) dy dz

T XXk
+/z 0o (20557 (2)02,S(y,2) oy oz
[ @) 1)0,8(2)0,,8(y. ) dy oz
o7
=0.

10 (205 7(2)0 ki (1)2y, 1 "(2)02,0,, S(y. 2) dy oz

545

= /_:< @ (x)) Vxu U@ (x)dx=0. O
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Modified Tartar’s example.

» Take v = (V/, vp) € R and define

u_ [Jn-ny| v
O/T ‘ v, ’
» x = Mg
g QQ’
by o= detQ’

where Q = M~'. o is the push-forward of the isotropic
homogeneous conductivity / through the change of
coordinates x = M¢.



/
oo~ [Jo-n | O N (| v
V/T Vy O/T ‘ V
_ l(n—1) v/
Vit V24 v2
Therefore

9in—1) = lin-1y;
for any choice of v € R”.



The entire family of anisotropic conductivities:

1.,/ J)T 1.,/
o QQT _y I(n_1)+V—sVV ‘ —V—gv
~det@ 7 _ AT ‘ 1
v2 v2
n
is s.t:

NO'(X/7y/) = N/(le.y/)7 vxlvy/ € I_In'

That is, any such ¢ is undistinguishable from the identity /
when the corresponding N-D map (or D-N map) on 1, is given.



Thank you!



	Electrical Impedance Tomography (Calderón's problem).
	Uniqueness in EIT
	The anisotropic case: obstruction to uniqueness.

	Global uniqueness for anisotropic piecewise constant conductivities.
	The local Neumann-to-Dirichlet map and the Neumann kernel.
	Unique determination of the conductivity/metric.
	An example of non uniqueness.


