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Homogenisation setting

“Classical” homogenisation

−div
(
A
(x
ε

)
∇u
)

+ u = f, f ∈ L2(Rd),

A ≥ νI > 0

Convergence (two-scale expansions, compensated compactness, two-scale
convergence, periodic unfolding, Bloch decomposition):

u = uε ⇀ u0 in H1(Rd), −divAhom∇u0 + u0 = f.
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Problem under study: high contrast

We study the problem

curl
(
ε−1
η

(
x
η

)
curlHη

)
= ω2

ηH
η , εη(y) =

{
1, y ∈ Q1,
η−2, y ∈ Q0,

η ∈ (0, 1) period, Q1 := Q\Q0 simply connected Lipschitz set

Define: “Homogenised matrix”

Ahom :=

∫
Q1

(
curlN(y) + I

)
dy,

curl
(
curlN(y)+I

)
= 0 in Q1,

(
curlN(y)+I

)
×n = 0 on ∂Q0, N is Q−periodic.

Consider: ω ∈ R+, H0(x, y) := u(x) +∇yv(x, y) + z(x, y),

(u, v, z) ∈
[
H1

#curl(T)
]3 × L2

(
R3;H1

#(Q)
)
×
[
L2
(
T;H1

0 (Q0)
)]3

, solution to

curlx
(
Ahomcurlxu(x)

)
= ω2

(
u(x) +

∫
Q0

z(x, y)dy

)
, x ∈ T,

divy
(
∇yv(x, y) + z(x, y)

)
= 0, (x, y) ∈ T×Q,

curly
(
curlyz(x, y)

)
= ω2

(
u(x) +∇yv(x, y) + z(x, y)

)
, (x, y) ∈ T×Q0.

Our result: A) ∃ at least one eigenfrequency ωη such that |ωη − ω| < Cη,

B) dist
(
H0, Xη

)
< Ĉη, where Ĉ > 0, Xη := span

{
Hη : ωη as above

}
.
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Spectral decomposition of the limit problem

Write v(x, ·) = G ∗ (divyz)(x, ·), then

curly curly z(x, y) = ω2

(
u(x) +∇y

∫
Q0

G(y − y′) divy′z(x, y
′) dy′ + z(x, y)

)
,

(x, y) ∈ T×Q0.

Note that

∇y
∫
Q0

G(y − y′) divy′z(x, y
′) dy′ + z(x, y) = ω2B(y)u(x),

B is 3× 3 matrix function with columns Bj ∈ [H1
#(Q)]3, j = 1, 2, 3 :

curl curl Bj = ej + ω2Bj in Q0,

curlBj(y) = 0, y ∈ Q1, (1)

divBj(y) = 0, y ∈ Q, (2)

a(Bj) = 0, (3)

a(Bj) “circulation” of Bj :

H1-continuous extension of a(φ)i =
∫ 1
0 φi(tei)dt, φ ∈ [C∞(Q)]3.

Equivalent variational formulation∫
Q0

curlBj · curlϕ =

∫
Q
ej ·ϕ+ω2

∫
Q
Bj ·ϕ, ∀ϕ ∈ [H1

#(Q)]3 subject to (1)–(3).
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“Macroscopic” equation

Operator-pencil spectral problem

curl
(
Ahomcurl u(x)

)
= Γ(ω)u(x), x ∈ T, (4)

where Γ is a matrix-valued function that vanishes at ω = 0, and for ω 6= 0 has
elements

Γij(ω) = ω2

(
δij + ω2

∫
Q
Bji

)
, i, j = 1, 2, 3. (5)

Alternative representation for Γ(ω) :
Consider φk ∈ [H1

0 (Q0)]3, k ∈ N, solutions to non-local problems

curl curl φk(y) = αk

(
∇
∫
Q0

G(y − y′) div φk(y′) dy′ + φk(y)

)
, y ∈ Q0, (6)

subject to orthonormality conditions∫
Q0

∫
Q0

(
∇2G(y − y′) + I

)
φj(y) · φk(y′) dy dy′ = δjk, j, k = 1, 2, , ...,

where ∇2G is the Hessian matrix of G. Then

Γij(ω) = ω2δij+ω
4
∞∑
k=1

(∫
Q0

φki

)(∫
Q0

φkj

)
αk − ω2

, i, j = 1, 2, 3, ω2 /∈ {0}∪{αk}∞k=1.

(7)
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Structure of the limit spectrum

u(x) =
∑
m∈Z3

exp(2πim · x)û(m), û(m) :=

∫
T

exp(−2πim · x)u(x) dx,

Then
M(m)û(m) = Γ(ω)û(m), m ∈ Z3,

Mlp(m) = 4π2εilsmsA
hom
ij εjptmt = 4π2(el ×m) ·Ahom(ep ×m).

Note: M(m) = |m|2M(m̃), m̃ := |m|−1m, and zero is a simple eigenvalue of M(m̃)
with eigenvector m̃.

û(m) = C(m̃)>ũ(m̃) + α(m̃)m̃,

ũ(m̃) ∈ R2, α(m̃) ∈ R, C(m̃) =

(
ẽ11(m̃) ẽ12(m̃) ẽ13(m̃)
ẽ21(m̃) ẽ22(m̃) ẽ23(m̃)

)
.

Determine
(
ũ(m̃), α(m̃)

)
∈ R3 \ {0} such that

|m|2Λ(m̃)ũ(m̃) = C(m̃)Γ(ω)C(m̃)>ũ(m̃) + α(m̃)C(m̃)Γ(ω)m̃,

Γ(ω)C(m̃)>ũ(m̃) · m̃ = −α(m̃)Γ(ω)m̃ · m̃,
(8)

where

Λ(m̃) :=

(
λ1(m̃) 0

0 λ2(m̃)

)
.
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ũ(m̃) ∈ R2, α(m̃) ∈ R, C(m̃) =

(
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M(m)û(m) = Γ(ω)û(m), m ∈ Z3,

Mlp(m) = 4π2εilsmsA
hom
ij εjptmt = 4π2(el ×m) ·Ahom(ep ×m).

Note: M(m) = |m|2M(m̃), m̃ := |m|−1m, and zero is a simple eigenvalue of M(m̃)
with eigenvector m̃.
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Different admissible propagation regimes

If the inclusion Q0 is symmetric under a rotation by π around at least two of the three
coordinate axes, then matrices Ahom and Γ(ω) are diagonal:
Ahom = diag(a1, a2, a3), Γ(ω) = diag

(
β1(ω), β2(ω), β3(ω)

)
.

The eigenvalues λ1,2(m̃) of M(m̃) are the solutions to the quadratic equation

λ2−λ
{

(a2+a3)m̃2
1+(a1+a3)m̃2

2+(a1+a2)m̃2
3)
}

+
(
a1a2m̃

2
3+a2a3m̃

2
1+a1a3m̃

2
2

)
= 0.

(9)

Suppose Q0 is symmetric by a π/2 rotation around at least two of the three axes, say
x1 and x2, then a = a1 = a2 = a3 and β(ω) = β1(ω) = β2(ω) = β3(ω).
If β(ω) 6= 0, then ũ(m̃) is an arbitrary element of R2 and û(m) = C(m̃)>ũ(m̃) is an
arbitrary vector of the (2-dimensional) eigenspace spanned by the vectors ẽ1(m̃) and
ẽ2(m̃).
Isotropic propagation (no “weak” band gaps)

Suppose Q0 is symmetric by a π/2 rotation around one of the three coordinate axis,
say x1, and by a π rotation around another axis, say x2, one has a = a1, b = a2 = a3
and β2(ω) = β3(ω).
Generically, propagation is restricted to the direction of ẽ1(m̃) (resp. ẽ2(m̃)) which is
orthogonal to the eigenvector(s) corresponding to the negative eigenvalue of Γ(ω).
Directional propagation (existence of “weak” band gaps)
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3+a2a3m̃

2
1+a1a3m̃

2
2

)
= 0.

(9)

Suppose Q0 is symmetric by a π/2 rotation around at least two of the three axes, say
x1 and x2, then a = a1 = a2 = a3 and β(ω) = β1(ω) = β2(ω) = β3(ω).
If β(ω) 6= 0, then ũ(m̃) is an arbitrary element of R2 and û(m) = C(m̃)>ũ(m̃) is an
arbitrary vector of the (2-dimensional) eigenspace spanned by the vectors ẽ1(m̃) and
ẽ2(m̃).
Isotropic propagation (no “weak” band gaps)

Suppose Q0 is symmetric by a π/2 rotation around one of the three coordinate axis,
say x1, and by a π rotation around another axis, say x2, one has a = a1, b = a2 = a3
and β2(ω) = β3(ω).
Generically, propagation is restricted to the direction of ẽ1(m̃) (resp. ẽ2(m̃)) which is
orthogonal to the eigenvector(s) corresponding to the negative eigenvalue of Γ(ω).
Directional propagation (existence of “weak” band gaps)
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Structure of the limit spectrum

Proposition

The spectrum of the limit problem is the union of the following sets.

1 The elements of {αk : k ∈ Z} such that at least one of the corresponding φk has
zero mean over Q. These are eigenvalues of infinite multiplicity and the
corresponding eigenfunctions H0(x, y) are of the form

w(x)

(
∇
∫
Q0

G(y − y′) div φk(y′) dy′ + φk(y)

)
, w ∈ L2(T).

2 The set
{
ω2 : ∃m ∈ Z3 such that (8) holds

}
, with eigenfunctions H0(x, y) of

the limit problem having the form u(x) +∇yv(x, y) + z(x, y), where
u(x) = exp(2πim · x)û(m) is an eigenfunction of macroscopic problem and

∇yv(x, y) + z(x, y) = ω2B(y)u(x, y) a.e. (x, y) ∈ T×Q,

that is H0(x, y) =
(
I + ω2B(y)

)
exp(2πim · x)û(m).

Corollary

If the matrix Γ(ω) is negative-definite, the value λ = ω2 does not belong to the
spectrum of the limit problem.
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u(x) = exp(2πim · x)û(m) is an eigenfunction of macroscopic problem and

∇yv(x, y) + z(x, y) = ω2B(y)u(x, y) a.e. (x, y) ∈ T×Q,

that is H0(x, y) =
(
I + ω2B(y)

)
exp(2πim · x)û(m).
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Proof of main result

Sketch of proof:

A) We seek solutions in the form of an asymptotic expansion

Hη(x) = H0
(
x, x
η

)
+ ηH1

(
x, x
η

)
+ η2H2

(
x, x
η

)
+ ..., (10)

where Hj(x, y), j = 0, 1, 2, ..., are Q-periodic in the variable y.

B) Aη operator in L2
#sol(T) defined by the form∫

T
ε−1
η

( ·
η

)
curlu · curl v, u, v ∈ [H1

#(T)]3 ∩ L2
#sol(T) =: H.

For fixed ω in the spectrum of limit problem let H0 be a corresponding eigenfunction.
Consider solution H̃η ∈ H to

(Aη + I)H̃η = (ω2 + 1)H0(·, ·
η

). (11)

and
H(2)(·, η) := H0

(
·, ·
η

)
+ ηH1

(
·, ·
η

)
+ η2H2

(
·, ·
η

)
, (12)

C) There exists a constant Ĉ > 0 such that the estimate

bη
(
H̃η −H(2)(·, η), ϕ

)
≤ Ĉη

√
bη(ϕ,ϕ) ∀ϕ ∈ [H1

#(T)]3,

where

bη(u, v) :=

∫
T
ε−1
η

( ·
η

)
curlu · curl v +

∫
T
u · v
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Proof of main result

Theorem

∃C > 0 such that
∥∥H̃η −H0(·, ·/η)

∥∥
L2(T) ≤ Cη ∀η.

Proof

Setting ϕ = H̃η −H(2)(·, η) :

Ĉ2η2 ≥ bη
(
H̃η −H(2)(·, η), H̃η −H(2)(·, η)

)
≥
∥∥H̃η −H(2)(·, η)

∥∥2
L2(T).

Note that ∥∥H(2)(·, η)−H0(·, ·/η)
∥∥
L2(T) ≤ C̃η, C̃ > 0,

and hence ∥∥H̃η −H0(·, ·/η)
∥∥
L2(T) ≤

∥∥H̃η −H(2)(·, η)
∥∥
L2(T)

+
∥∥H(2)(·, η)−H0(·, ·/η)

∥∥
L2(T) ≤ (Ĉ + C̃)η.
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Symmetry of Ahom and Γ(ω) under rotations

Proposition

Suppose that σ is a rotation such that σQ = Q and assume that

a(y) = σ−1a(σy)σ, y ∈ Q. (13)

Then Ahom inherits the same symmetry, i.e. one has

Ahom = σ−1Ahomσ.

In particular, Ahom
kl = Ahom

lk = 0, for all l 6= k.

Corollary

1. If (13) holds for σ = σk, where σk is the rotation by π around the xk-axis, then
Ahom
kl = 0, for all l 6= k.

2. If (13) holds for σ = σk, where σk is the rotation by π/2 around the xk-axis, then
Ahom
kl = 0, for all l 6= k and Ahom

ii = Ahom
jj , i, j 6= k.

Similar results can be demonstrated for Γ(ω).
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