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@ Introduce Topological Solitons
@ Holographic QCD

@ Baby Skyrmions and their variants
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Topological Solitons
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Topological Solitons

@ For the purposes of this talk, a topological soliton can be defined as a
stable, particle-like solution to a non-linear field theory.
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Topological Solitons

@ For the purposes of this talk, a topological soliton can be defined as a
stable, particle-like solution to a non-linear field theory.

@ Stability is due to the presence of some topological charge, B € N.
This is usually a generalised winding number.
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Topological Solitons

@ For the purposes of this talk, a topological soliton can be defined as a
stable, particle-like solution to a non-linear field theory.

@ Stability is due to the presence of some topological charge, B € N.
This is usually a generalised winding number.

@ Examples include sine-Gordon kinks, sigma-model lumps, monopoles,
vortices, Skyrmions, Yang-Mills instantons...
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Example: The Sine-Gordon Model
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Example: The Sine-Gordon Model

@ Consider the Lagrangian in two spacetime dimensions:

1 12
£ = 50,6(x)0"¢(x) — (1 — cos (x)) J
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Example: The Sine-Gordon Model

@ Consider the Lagrangian in two spacetime dimensions:

1 12
£ = 50,6(x)0"¢(x) — (1 — cos (x)) J

@ Potential has an infinite number of vacua when ¢ = 2wn,n € N,
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Example: The Sine-Gordon Model

@ Consider the Lagrangian in two spacetime dimensions:

1 I
L= 3 L D(x)0H P(x) — (1 — cos ¢p(x)) J

@ Potential has an infinite number of vacua when ¢ = 2wn,n € N,
@ This leads to a topological charge

where ¢(x) — ¢+ as x — too.
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Energy Bounds for Topological Solitons
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Energy Bounds for Topological Solitons

@ We can put a lower bound on the static energies of soliton solutions
using a Bogomolny argument.
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Energy Bounds for Topological Solitons

@ We can put a lower bound on the static energies of soliton solutions
using a Bogomolny argument.

@ The static energy in the sine-Gordon model is

E=/j:> (%¢'2+(1—cos¢)) dx J
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Energy Bounds for Topological Solitons

@ We can put a lower bound on the static energies of soliton solutions
using a Bogomolny argument.

@ The static energy in the sine-Gordon model is

E=/_Z (%(ﬁ'Z—l—(l—cosqb)) dx J

@ By completing the square we can write

[e%) 2
E:/_m{(\%aim) wmw} & > 8N
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Energy Bounds for Topological Solitons

@ We can put a lower bound on the static energies of soliton solutions
using a Bogomolny argument.

@ The static energy in the sine-Gordon model is

E=/_Z (%¢'2+(1—cos¢)) dx J

@ By completing the square we can write

[e%) 2
E:/_m{(\%aim) wmw} & > 8N

@ Saturation of the bound implies a first order equation of motion. In
this example we can solve it (for N = 1) to find analytic solutions,
but this is not always possible.
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Scaling Arguments
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Scaling Arguments

@ Derrick's Theorem provides a non-existence theorem for solitons.
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Scaling Arguments

@ Derrick's Theorem provides a non-existence theorem for solitons.

@ If a soliton is to be stable, then it must be stable against spatial
rescalings.
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Scaling Arguments

@ Derrick's Theorem provides a non-existence theorem for solitons.

@ If a soliton is to be stable, then it must be stable against spatial
rescalings.

@ As an example, we can write the sine-Gordon static energy as

E=/ ¢’2dx—|—/ (1 —cos¢)dx = E; + Ep J
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Scaling Arguments

@ Derrick's Theorem provides a non-existence theorem for solitons.

@ If a soliton is to be stable, then it must be stable against spatial
rescalings.

@ As an example, we can write the sine-Gordon static energy as

E=/ ¢’2dx+/ (1 —cos¢)dx = E; + Ep J

Under a spatial rescaling x — Ax then

1
E— EQ) = 1B+ 6 J
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Scaling Arguments

@ Derrick's Theorem provides a non-existence theorem for solitons.

@ If a soliton is to be stable, then it must be stable against spatial
rescalings.

@ As an example, we can write the sine-Gordon static energy as

E=/ ¢’2dx+/ (1 —cos¢)dx = E; + Ep J

Under a spatial rescaling x — Ax then

1
E— EQ) = 1B+ 6 J

@ Minimising this over A gives a scale for the size of the soliton.
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The O(2) — o Model
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The O(2) — o Model

@ Consider a three-component unit vector ¢ with the Lagrangian

1 A
L= 06 96+ 51— $-9) J
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The O(2) — o Model

@ Consider a three-component unit vector ¢ with the Lagrangian

1 A
L= 06 96+ 51— $-9) J

e For a finite static energy we require ¢ — ¢ as |x| — co. W.L.O.G
we can take ¢ = (0,0, 1).
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The O(2) — o Model

@ Consider a three-component unit vector ¢ with the Lagrangian

A

1
L= 06 96+ 51— $-9) J

e For a finite static energy we require ¢ — ¢ as |x| — co. W.L.O.G
we can take ¢ = (0,0, 1).

@ In two spatial dimensions, this compactifies R? to S2, and we can
write ¢ : 52 — S2.
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The O(2) — o Model

@ Consider a three-component unit vector ¢ with the Lagrangian

1 A
L= 06 96+ 51— $-9) J

e For a finite static energy we require ¢ — ¢ as |x| — co. W.L.O.G
we can take ¢ = (0,0, 1).

@ In two spatial dimensions, this compactifies R? to S2, and we can
write ¢ : 52 — S2.

@ The map has an associated winding number

B:—%/qb(@xq’)xang)dxdz, J

which we identify with the topological charge.
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The O(2) — o Model

@ Consider a three-component unit vector ¢ with the Lagrangian

L=20,6-0"0+ 31~ - 9) J

e For a finite static energy we require ¢ — ¢ as |x| — co. W.L.O.G
we can take ¢ = (0,0, 1).

@ In two spatial dimensions, this compactifies R? to S2, and we can
write ¢ : 52 — S2.

@ The map has an associated winding number

B:—%/qb(@xd)xang)dxdz, J

which we identify with the topological charge.

@ The static energy is invariant under spatial rescalings.
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Yang-Mills Instantons

@ In four spatial dimensions, consider the Lagrangian

L= 3 TH{FuF™) J

where F,, = 0,A, — 0,AL + [Au, Al
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Yang-Mills Instantons

@ In four spatial dimensions, consider the Lagrangian

L= 3 TH{FuF™) J

where F,, = 0,A, — 0,AL + [Au, Al

@ The “solitons” of this system are called Yang-Mills instantons, and
they are also scale-invariant.
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Yang-Mills Instantons

@ In four spatial dimensions, consider the Lagrangian

L= 3 TH{FuF™) J

where F, = 0,A, — 0L AL+ [Au, Al

@ The “solitons” of this system are called Yang-Mills instantons, and
they are also scale-invariant.

@ YM instantons are highly symmetric and there is a wealth of
mathematics concerning them!
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@ Skyrmions are solitons of the Skyrme model, in three spatial
dimensions
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@ Skyrmions are solitons of the Skyrme model, in three spatial
dimensions

e It is a modified o-model with target space S = SU(2)

L— %Tr(@u UoH U + % Tr([0,, UU, 8, UUT[0* UUT, & UUT]) J
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@ Skyrmions are solitons of the Skyrme model, in three spatial
dimensions

e It is a modified o-model with target space S = SU(2)

L— %Tr(@u UoH U + % Tr([0,, UU, 8, UUT[0* UUT, & UUT]) J

@ Obtained as a low-energy effective field theory for QCD in the large
colour limit
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Skyrmions are solitons of the Skyrme model, in three spatial
dimensions

It is a modified o-model with target space S3 = SU(2)

L— %Tr(@u UoH U + % Tr([0,, UU, 8, UUT[0* UUT, & UUT]) J

Obtained as a low-energy effective field theory for QCD in the large
colour limit

The topological charge is identified with baryon number
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@ Skyrmions are solitons of the Skyrme model, in three spatial
dimensions

e It is a modified o-model with target space S = SU(2)

L— %Tr(@u UoH U + % Tr([0,, UU, 8, UUT[0* UUT, & UUT]) J

@ Obtained as a low-energy effective field theory for QCD in the large
colour limit

@ The topological charge is identified with baryon number

@ Skyrmions possess interesting symmetries, although their binding
energies are too large
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Holographic QCD: The Sakai-Sugimoto Model
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Holographic QCD: The Sakai-Sugimoto Model

@ The Sakai-Sugimoto is the leading example of an AdS/QCD theory
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Holographic QCD: The Sakai-Sugimoto Model

@ The Sakai-Sugimoto is the leading example of an AdS/QCD theory

e Formulated in a (4+1) dimensional spacetime with a warped metric
of the form

1
ds®> = H(z)dx,dx" + ) dz? J

where H(z) = (14 z2)”
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Holographic QCD: The Sakai-Sugimoto Model

@ The Sakai-Sugimoto is the leading example of an AdS/QCD theory

e Formulated in a (4+1) dimensional spacetime with a warped metric
of the form

1
ds®> = H(z)dx,dx" + ) dz? J

where H(z) = (14 z2)”

@ The Sakai-Sugimoto takes p = % and we say the spacetime is AdS-like
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Holographic QCD: The Sakai-Sugimoto Model

Matt Elliot-Ripley (Durham University) Toy models of holographic baryons 17/12/2014 11 /20



Holographic QCD: The Sakai-Sugimoto Model

@ The Lagrangian is, in suitable units:

1 9
L= 5 Tr(FraF™) + S ws(Ar) J

where Ar and Fra are some U(2) gauge field and field strength
respectively. A is the 't Hooft coupling.
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Holographic QCD: The Sakai-Sugimoto Model

@ The Lagrangian is, in suitable units:

1 9
L= 5 Tr(FraF™) + S ws(Ar) J

where Ar and Fra are some U(2) gauge field and field strength
respectively. A is the 't Hooft coupling.

@ The second term is a Chern-Simons term, which takes the form of a
coupling between the gauge field and a topological quantity
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Holographic QCD: The Sakai-Sugimoto Model

@ The Lagrangian is, in suitable units:

1 9
L= 5 Tr(FraF™) + S ws(Ar) J

where Ar and Fra are some U(2) gauge field and field strength
respectively. A is the 't Hooft coupling.

@ The second term is a Chern-Simons term, which takes the form of a
coupling between the gauge field and a topological quantity

@ Topological solitons in the bulk correspond to Skyrmions on the
boundary (coupled to a tower of vector mesons)
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Holographic QCD: The Sakai-Sugimoto Model

@ The Lagrangian is, in suitable units:

1 9
L= 5 Tr(FraF™) + S ws(Ar) J

where Ar and Fra are some U(2) gauge field and field strength
respectively. A is the 't Hooft coupling.

@ The second term is a Chern-Simons term, which takes the form of a
coupling between the gauge field and a topological quantity

@ Topological solitons in the bulk correspond to Skyrmions on the
boundary (coupled to a tower of vector mesons)

@ This model is analytically and numerically very complicated
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A Lower-Dimensional Analogue
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A Lower-Dimensional Analogue

@ Studying a low-dimensional analogue of the SS model makes
computations and numerical simulations more feasible
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A Lower-Dimensional Analogue

@ Studying a low-dimensional analogue of the SS model makes
computations and numerical simulations more feasible

@ We can use these toy models to study bulk solitons and test
predictions made in the full SS model
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A Lower-Dimensional Analogue

@ Studying a low-dimensional analogue of the SS model makes
computations and numerical simulations more feasible

@ We can use these toy models to study bulk solitons and test
predictions made in the full SS model

@ A natural analogue for the Yang-Mills term is an O(2) — o term, since
both are scale invariant
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A Lower-Dimensional Analogue

@ Studying a low-dimensional analogue of the SS model makes
computations and numerical simulations more feasible

@ We can use these toy models to study bulk solitons and test
predictions made in the full SS model

@ A natural analogue for the Yang-Mills term is an O(2) — o term, since
both are scale invariant

@ We still have a choice to make regarding the analogue of the
Chern-Simons term
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Stabilization via the Baby Skyrme Term
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Stabilization via the Baby Skyrme Term

@ One option is to represent the Chern-Simons term by a baby-Skyrme
term

L= 370,000+ 4" e 0,0 X 00)- 0,0 % 0s) |
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Stabilization via the Baby Skyrme Term

@ One option is to represent the Chern-Simons term by a baby-Skyrme
term

2
L= %g"”@@ Oy + %g“”g“ﬁ (09 X 0ad) - (0, x Op¢) J

e For small k (the analogue of large 't Hooft coupling) the solitons of
this model are small compared to the curvature of spacetime
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Stabilization via the Baby Skyrme Term

@ One option is to represent the Chern-Simons term by a baby-Skyrme
term

L= 370,000+ 4" e 0,0 X 00)- 0,0 % 0s) |

e For small k (the analogue of large 't Hooft coupling) the solitons of
this model are small compared to the curvature of spacetime

@ We can approximate these solitons well by flat-space o-model lumps
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Stabilization via the Baby Skyrme Term

@ One option is to represent the Chern-Simons term by a baby-Skyrme
term

L= 370,000+ 4" e 0,0 X 00)- 0,0 % 0s) |

e For small k (the analogue of large 't Hooft coupling) the solitons of
this model are small compared to the curvature of spacetime

@ We can approximate these solitons well by flat-space o-model lumps

@ The curvature of spacetime and the baby-Skyrme interaction pick out
a preferred size
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Static Solutions of the BS Model
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Static Solutions of the BS Model

@ Here are some numerical static solutions to the baby-Skyrme model in
this curved space, with parameter value x = 0.01
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Static Solutions of the BS Model

@ Here are some numerical static solutions to the baby-Skyrme model in
this curved space, with parameter value x = 0.01

0.4
0.3
02
0.1
N0
-0.1
0.2
0.3
0.4
-0.40.30.20.1 0 0.10.20.30.4

X
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Static Solutions of the BS Model

@ Here are some numerical static solutions to the baby-Skyrme model in
this curved space, with parameter value x = 0.01

=1 B=:
0.4 0.4
0.3 0.3
02 |- 0.2
0.1 0.1
M 0 N 0
-0.1 -0.1
0.2 0.2
0.3 0.3
0.4 04

0.40.30.20.1 0 0.10.20.30.4 -0.40.30.20.1 0 0.10.20.30.4

X X
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Static Solutions of the BS Model

@ Here are some numerical static solutions to the baby-Skyrme model in
this curved space, with parameter value x = 0.01

=1 B= B=
0.4 0.4 0.4 1
0.3 0.3 0.3 0.8
0.6
0.2 0.2 0.2 o4
0.1 0.1 0.1 0.2
N 0 N 0 N 0 0
0.1 0.1 0.1 'g-i
0.2 0.2 0.2 e
0.3 0.3 03 08
0.4 -0.4 -0.4 -1
0.40.30.20.1 0 0.10.20.30.4 0.40.30.20.1 0 0.10.20.30.4 0.40.30.20.1 0 0.10.20.30.4
X X X
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Finite Density Chains
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Finite Density Chains

@ We can also use this model to study dense QCD (its low-dimensional
analogue)
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Finite Density Chains

@ We can also use this model to study dense QCD (its low-dimensional
analogue)

@ At some critical density it has been shown that the baryon chains
undergo a phase transition to produce “baryonic popcorn”. This is
more energetically favourable that the “dyon salt”.
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Finite Density Chains

@ We can also use this model to study dense QCD (its low-dimensional
analogue)

@ At some critical density it has been shown that the baryon chains
undergo a phase transition to produce “baryonic popcorn”. This is
more energetically favourable that the “dyon salt”.

p=3

-1 -0.8-06-04-02 0 0.2
X
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Finite Density Chains

@ We can also use this model to study dense QCD (its low-dimensional
analogue)

@ At some critical density it has been shown that the baryon chains
undergo a phase transition to produce “baryonic popcorn”. This is
more energetically favourable that the “dyon salt”.

p=3 p=5
1 0.4 1
0.8 03 0.8
0.6 06
0.4 0z 04
0.2 01 0.2
N 0 N0 ]
0.2 01 0.2
0.4 0.4
0.6 0z 0.6
0.8 03 0.8
1 0.4 1
-1 -0.8-0.6-04-0.2 0 02 0.80.50.40.30.20.1 0 0.10.2
X X
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Finite Density Chains

@ We can also use this model to study dense QCD (its low-dimensional
analogue)

@ At some critical density it has been shown that the baryon chains
undergo a phase transition to produce “baryonic popcorn”. This is
more energetically favourable that the “dyon salt”.

p=3 p=5

-1 -0.8-06-04-02 0 0.2 -0.60.50.40.30.20.1 0 0.10.2 -03 -02 01 0 01
X X X
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Stabilization via a Vector Meson Term
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Stabilization via a Vector Meson Term

@ Another (arguably better) candidate for our low-dimensional model is
given by

1 1
L= ngﬁu¢ Oy — Zguag'/ﬁ(a#wy - un)(aawﬁ - 86“’6!)

1
+ §g‘“’l\/12wuwy + gw,B"
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Stabilization via a Vector Meson Term

@ Another (arguably better) candidate for our low-dimensional model is
given by

1 1
L= ngﬁu¢ Oy — Zguag'/ﬁ(a#wy - un)(aawﬁ - 86“’6!)

1
+ §g‘“’l\/12wuwy + gw,B"

e BV = —waﬁe“aﬂd) - (0a¢p x Op@p) is the conserved topological

current of the system
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Stabilization via a Vector Meson Term

@ Another (arguably better) candidate for our low-dimensional model is
given by

1 1
L= ngau¢ Oy — Zguag'/ﬁ(auwy - un)(aawﬁ - aﬁwa)

1
+ §g‘“’l\/12wuwy + gw,B"

e BV = —Swi/ﬁe“aﬂqb - (0a¢p x Op@p) is the conserved topological
current of the system

@ It can be shown that the Vector Meson model tends to the Baby
Skyrme model in the limit

g,M—>oo,Mo</<;constant J
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Static Solutions of the VM Model
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Static Solutions of the VM Model

@ For large g and M, it can be numerically confirmed that solitons in
both model are similar.
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Static Solutions of the VM Model

@ For large g and M, it can be numerically confirmed that solitons in
both model are similar.

@ As we shrink g and M, keeping their ratio fixed, different qualitative
behaviour can be observed.
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Static Solutions of the VM Model

@ For large g and M, it can be numerically confirmed that solitons in
both model are similar.

@ As we shrink g and M, keeping their ratio fixed, different qualitative
behaviour can be observed.

001
0015

0.40.30.20.1 0 0.10.20.304 04030201 0 01020304

x x

17/12/2014
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Static Solutions of the VM Model

@ For large g and M, it can be numerically confirmed that solitons in
both model are similar.

@ As we shrink g and M, keeping their ratio fixed, different qualitative
behaviour can be observed.

M=50

o 04 T ! 04 T T T T T Tp °
03~ [ o2 03| i 0.005
0.005 06 001
02 04 02 0015
-0.01 o1 |8 I o2 o018 1§ 002
~ N oo Mo N0k I 002
E 0015 o1 1 02 o1 F —ff 003
04 0,035
002 02 g f ¢ 02 IR oo
03 b Y 03 = I oos
0,025 oal 11 Wy o111 005

04030201 0 01020304 04030201 0 01020304 04030201 0 0.1020304 04030201 0 0.10.20.30.4
x x x x
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Static Solutions of the VM Model

@ For large g and M, it can be numerically confirmed that solitons in
both model are similar.

@ As we shrink g and M, keeping their ratio fixed, different qualitative
behaviour can be observed.
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Static Solutions of the VM Model

@ For large g and M, it can be numerically confirmed that solitons in
both model are similar.

@ As we shrink g and M, keeping their ratio fixed, different qualitative
behaviour can be observed.
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Finite Density Chains
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Finite Density Chains

@ In the full Sakai-Sugimoto model it is predicted that finite density
baryon chains form a “zig-zag" pattern.
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Finite Density Chains

@ In the full Sakai-Sugimoto model it is predicted that finite density
baryon chains form a “zig-zag" pattern.

@ This requires that the optimal separation between two solitons is
greater than the size of a single soliton
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Finite Density Chains

@ In the full Sakai-Sugimoto model it is predicted that finite density
baryon chains form a “zig-zag" pattern.

@ This requires that the optimal separation between two solitons is
greater than the size of a single soliton

@ Can we find a parameter regime in the Vector Meson model to
reproduce this behaviour?
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Finite Density Chains
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Finite Density Chains
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Finite Density Chains

p=5,M=10
0 04 1 04 0
0.005 > 08 >
02 s 02
-0.01 0.1 0.2 01
N0 0 N0
-0.015 01 0.2 01
-04
-0.02 02 06 02 01
03 08 03
-0.025 -0.4 -1 -0.4
-0.60.50.4-0.30.20.1 0 0.10.2 -0.60.50.4-0.30.20.1 0 0.10.2 -0.60.50.4-0.30.20.1 0 0.10.2 -0.60.50.4-0.30.20.1 0 0.10.2
X X X X

03 0201 0 01 03 0201 0 01

urham University) Toy models of holographic baryons 17/12/2014 19 /20



Finite Density Chains
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@ Topological solitons have been introduced and many examples have
been mentioned

@ Introduced the Sakai-Sugimoto model and looked at two
lower-dimensional analogues

@ Finite density chains of solitons have been investigated in both models

@ At lower densities the chains in both models look similar, but at
higher densities results are not yet conclusive

@ Numerical results require further verification, and analogues of the
dyon salt or popcorn phenomena are still to be found in the vector
meson model
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Thank you for listening.

Matt Elliot-Ripley (Durham University) Toy models of holographic baryons 17/12/2014 21 /20



